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Chapter 6
INT'EGRATIONS
Formula:
xn+1
fx" dx = +C
n+1
MCQ-1:
[(3x? +5)dx =7
(@) 6x+C (b) x3+5x+C
() x*+C (d x+5+C
Solution:
i J(3x® +5) dx |
2741
= 3. +5x + C
241
x3
=3 3 +5x+ C
=x3+5x+C

The answer is (b).
MCQ-2:
J‘(Sx4 + sinx)dx =?
(b)20x3 — cosx + C

(a) x>+ cosx + C

(c) x —cosx + C (d)x>—cosx + C

Solution:
............................................ -

4+1
= 5Z+1 + (—cosx) + C
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5
= 5.% -cosx + C
=x°>—cosx + C
The answer is (d).
EXERCISE-1

(1) [(x°—cosx)dx =?

1 1
(a) g(x6+6sinx)+C (b) gx6—sinx+C

4

x
(c) 6x°+sinx+C (d) — —sinx + C
4

(2) [oxtdx=?

4 1
(a) Ex3 +C (b) x>+ ¢ (c) ExF’ +C (d) None
Formula:
fn+1(X)
n ! —
[(x) . f'(x) dx = p— +C
or
[y™y' dx = o +C
n+1
or
Ldy . yn+l
Jy™.gdx = —+C

M(Q-3:
[ 3x%(x3+9)8dx=?

(@) 5 x*+9)7+C

(c) 24 (x3+9)7+C

1
(b) ox’(x*+9)°+C

1
(d) gxz (x3+9)°+C
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Solution:

d
o— 3 9)= 2
{ I (x°+9)=3x

B (x3+9)8+1
 8+1
(x3+ 9)
5 +C
The answer is (a).
MCQ- 4:
[ x*(2x> +6)7dx=?
5(9+54 ¢\8 5,48
(a)x (2z0+6) L (b) (2x 8+6) +C
(2x°+6)8 x°(2x5+6)8
(c) 80 +C (d) 200 +C
Solution:

| o T W W W M M W M W W M W W Em W W w
1

[ (2x° +6)7dx

.. a 5 _ 4
{- — (2x>+6) = 10x
Multplying and dividingby 10
= f1—10 10x* (2x° +6)7dx
1

=1—0f10x4 (2x>+6)7dx

(2x°+ 6)8
~ 10x8

_ (2x5+6)°

80 + C

The answer is (c).
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M(Q-5:
[2(x?+3)% dx=>?

(@) (x%+3)3/3x (b) 2(x2+3)%+c

(c) §x5+4x3+18x+c (d) x>+x3+x+c
Solution:

| ="
1

[2(x?+3)? dx

1
o o o e e e i — — —  —  —  — e — e —  —  — = — J——

Wrong method:
multiply and dividing by x
= fi . 2x (x2+3)%dx
1 2 2
# [ 2x (x?+ 3)%dx

= [2(x*+6x% +9)dx

=2[(x*+ 6x2 + 9)dx
x° x3

=2(?+6?+9x)+c

=2(§x5+2x3+9x)+c

_2.5 3

—Sx +4x” + 18x +c¢

The answer is (c).
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Formula:
f f’(x) _
f”(x)
Case-1: n=1
[LE2 iy = ingroey +c

f(x)

Case-2: n#l

FL9 gy = [ £ (). F () dx

()
-n+1
™
-n+1
M(Q- 6:
f 2X doc =7
(x2+3)
1
2
(a) (x2+3)2+c (b) In(x*+3)+C
(c) tan™1 (2x)+C (d) (x2+3)2+C
Solution:
Rt i oy’ aunt R
! f(x2+3)

{..i 2+3 =2

-dx(x ) =2x

Power of (x? + 3)is 1, so
=In(x?+3)+C

The answer is (b).
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5) [sinx (2 — cos x)® dx =?

M. MAQSOOD ALI

(@) —(2—c7os x)7 b) sinx(z;cos x)7
. (2—c<;sx)5 () (2—cc;sx)7
cos x
(6) f(7+35inx)5 =
(7+3sinx) ™4 ) cos x
(@) 12 (b) 12(7+3 sin x)*
© = )~
12(7+3 sin x)* 4(7+3 sinx)*
sec? x
7) J‘(3+7tanx)5 =
-1 ) ~7 (3+7 tan x)* 0N
(@) 28(3+7 tan x)* (b) 4(3+7 tan x)* () 28 (d) None
f(l tanx)4 i
cos?x '
5 _1\5 _ 3
(a) (1- tasnx) (b) 3(1— tanx)? (¢) (tana; 1) (d) (1 te;nx)
) [(cos? x — sin* x)® sin2x dx =?
_ 2 o cin2 a5 02 02 T 7
(a) (cos“ x—sin“ x) (b) (sin“ x—cos“ x) © (cos 2x) (d) None
10 14 14
(10) [(cos 2x)® sin x cosx dx =?
7 5 _ 7
(cos72x) (b) (coszix) (©) —5(cos 2x)° (d) ( C()2582x)
(11) [(1 + tanx)® (1 + tan? x) dx =?
5 3v7 7
(a) (1+tasnx) (1+tc71n ) (1+ta7nx) (d) None

sin 2t

1 [ e =
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(@)v1l —cos2t (b) %\/1 — cos 2t (c) 2v1 —cos2t (d)

(13) [(2x? — 4x)3 (x — 1) dx =?

M. MAQSOOD ALI

1
v1—cos 2t

2_ 4 2_
(a)w b) (2 —20* () & 42x) (d) 2(2x2 — 4x)?
4
(14) f(l \/\g) dx =7
5 135 (175 a5
@ 24 Sﬁ) (b) 2(&5 D° g (11:5) g 30 Zﬁ)
(15) f2(1- %)3 x73/2 dx =7
(-3 :
Vx 1\* 3 1\* (1-vx)
@—"— b (1-%) © (1-%) x @—"—
(16) f sec™lx d =2
xVx2-1 =
sec™? ) N (sec‘lx)2
(a) — (b) In(sec™x)  (c)In(xVx2— 1) (d) 7
In x
(17) ~ dx =?
2 2
(a) (1121;;) (b) (lnzx) (c) In (In x) (d) None
(18)f cosec? x .
(245 cotx) G
In(2+5 cotx) b) 1
(@) 5 ( ’5(2+5cotx)2
(c) 5In(2 + 5 cot x) (d) In(2 + cotx)~1/5
19 fcoseczxd _,
(19) cot x X7
cot?x 1
(a) In(tan x) (b) > (c) cotix (d) In (cot x)
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INTEGRATION FOR TRIGONOMETRIC FUNTIONS

Formulae:

(i) [sin(ax)dx = _71 cos (ax) + C

(ii) [cos(ax)dx = % sin (ax) + C
Above methods can be used for other trigonometric functions.

M(Q-8 :

[ sin6xdx =7
-1
(@) — cos6x+C (b) — cos6x + C

-1
(c) — 6 cosbx +C (d) 2 sin?6x + C

Solution:

| e —— e — e — i — e — e —— = — e — m  — m m — m  —m  — e —

[ sin 6x dx

1
=—=—cos6x+C

The answer is (a).

Formulae: Product into Sum:

(i) sina cosp = %{sin(a + B) + sin(a — B)}
(i) cosasinf = %{sin(oc + B) —sin(a — B)}
(iii) cosa cosf = %{cos(a + ) + cos(a — ()}

(iv) sina sinf = —%{cos(a + B) — cos(a — B)}
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MCQ-10:  [V1 —cosxdx =?

1 1 X
Q) ———— b) —sin=
@ 21 — cosx ()2 2
x
(0) —2\/§cos§+C (d) V2 cosx
Solution:
| V1 —cosxdx |
= [ |2sin?=dx
= \/Efsingdx
V2 (- cos%)
= - +C
2
X
= —2\/§cos§+C
The answer is (c).
MCQ- 11:
[V1+ cosxdx =?
X 1
a) 2V/2sin=+C b) - —
@ 2 (b) 2v1 + cos x
1  x X
(0) 5 sins (d) —2\/Ec055+C
Solution:
| [V1+ cosxdx |
= 2C052§dx = \/Efcosgdx
\/i(Sln%) X
=f+6=2\/§sinz+C
2

The answer is (a).
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Formulae:
For even power of sinx and cosx:
. 5 1—-cos2x 2 1+cos2x
(1) sin x=T (2) cos x=T

These formulae are used for
[sin®xdx , [cos’xdx, [sin*xdx , [cos*xdx, [sin®x cos®xdx
M(Q-12:

[ cos?x dx =?

cos?x cos’x sins

@) +C (b)) ————
3 3
(o (x+sin2x)+C (d) % (2x + sin2x)+C
Solution:
| [ cos?x dx |
_f 1+cos2x
2

1
g f(l + cos2x)dx

1
=3 {f dx + [ cos 2xdx}

sin2x
{x + > }+C

2x+sin 2x
2

1
2
1
E }+C

=i (2x + sian) + C

The answer is (d).
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Formulae:
For odd power of sinx or cosx:

{The power of one function sinx or cosx is odd and the power of other function
may be odd or even.}

(i) sin’x + cos?x =1

d
ii) — sinx = cosx
(ii) T

d
iii) — cosx = —sinx
(iii) T

These formulae are used for
[sin®xdx , [cos3xdx, [sin®xdx , [cos®xdx

[ sin3x cos?xdx , [ sin*x cos3xdx, [ sin3x cosSxdx

M(Q- 13:

[ sin*x cos3xdx =?

1
(@) =sin°xC

= (b) sin®x — sin’x + C
1 1 sin®x  cos*x
L5 i

(c) g Sin°x 7smx+C (d) c + 2 +C

Solution:

= [ sin*x cos®x cosxdx
= [ sin*x (1 — sin®x) cosxdx

= [(sin*x — sin®x) cosxdx
= [(sin*x cosx — sin®x cosx)dx

1
— —cindy — = cin’
—55m X 7sm x +C

The answer is (c).
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For integration of tanx any power and secx with even power:
(i) 1 + tan®’x = sec?x
d 2

(ii) — tanx = sec”x
dx

These formulae are used for

[tan?x dx, [tan*xdx, [tan3x dx, [tan®x dx,
[sec*xdx , [tan®x sec®x dx, [ tan®x sec*x dx
M(Q-14:

[ tan® x sec®x dx =?

4

1 1 3 1 4
(a) Ztan X+ 3 sec x+C (b) Ztan x+ C

1 5 1 4 3
(c) Esec x+C (d)E tan x sec’x +C

Solution:

| T T TR TR T T R e 3 . Vi =1
; [ tan® x sec?x dx ;

L el e el el e e

{~ —tanx = sec*x
dx

4
_:taZX_I_C

_ 1. 4
= 4tan x+C
The answer is (b).
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Power of tanx is odd and secx with any power:
(i) 1 + tan?x = sec?x

d
(ii) —secx = secx tanx
dx

These formulae are used for
[ tan3x sec3xdx , [tan®x sec®x dx, [tanx sec®x dx
MCQ-15 :

[ tanx sec®x dx=?

1 tan® sec’x
2 6
(a) 6sec x+C (b) > + > +C
1 sec’x
(¢c) = tan®x+C (d) C
6 7
solution:

| e — e — e —  — e — e e e e W R e e e ww —

i [ tanx sec®x dx |

= [ sec® x (secxtanx)dx
d

{ —secx = secxtanx
dx

1
= gsec6x+C

The answer is (a).
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For integration of cotx any power and cosecx with even power:
(i) 1 + cot?x = cosec’x
o d 2
(ii) — cotx = —cosec”x
dx
These formulae are used for

[cot?x dx, [cot*xdx, [cot3xdx, [ cotSx dx,

[ cosec*x dx , [ cotx cosec’x dx, [ cot®x cosec*x dx
MCQ-16
[Vcosec*x cotx dx =7

1
(a) 3 cosec3x + cot?x +C (b) cosec?x + cotx + C

1 2 1 3
(c) —Ecot X+ C (d)gcosec x+C

Solution:

= [ cotx cosec?x dx
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EY

E

(1) [2cos*x dx =?
2
(a) 3 cos3x +C
(c) Ex +sin2x+C
(2) [ 2sin®x dx =?
2
(a) 3 sin3x + C
(c) 4sin3x cosx + C
(3) [cos®xdx =?

(a) —3cos?xsinx + C

(c) sinx + sin3x +C

(4) [2cos 4x cos2xdx =?
1
(a)gsin6x+c
1 . 1 .
(c) =sin6x +-sin2 x +
6 2
(5) [V1+ cosx dx =?

(a) Zx/fsing +C

(c)2vx +sinx + C
(6) [ tan®x sec*x dx =?
1

(a) v tan’x sec®x + C

1
(c) 5 tan®x + tanx + C

M. MAQSOOD ALI

XERCISE-3

C

128

(b) x+%sin2x+c

(d) x+cos2x+C

(b) x—%sin2x+C

1cos x+C

(d) 2x+2

1
(b) L Sinx cos*x + C

(d) sinx — %Sin3x +C

4
(b) gcos3x+25inx+C

1
(d) Zsin4x sin2x+C

1
(b) va —sinx + C
(d)\/fcos§+ C

(b)

1
— tan8x + 1 tan?x dx
8 12

(d)

1
— tan’x + 1 tan'lx + C
9 11
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INVERSE TRIGONOMETRIC FUNCTIONS

1 _
fmdxzsin y+c

.. 1 1
(ii) f1+x2 dx = tan "x+C

x = sec lx+C

and

1 X
124
a

1 )
fmdxzsm

.. 1 1 _ix
(ii) fa2+x2 dxzatan 1E+C

1 1 X
(iii) f x2—a =~ sec 5+C

EXS iRCISE-%

9—x2
L -1X 11X
(@) sin 3+C (b) 3sm 3+C
(c)—%\/ —x2+C (d)—%cos‘1x+C
=7
2) J-4+x2 X
(a) tan‘1§+C (b) cos‘1§+C

X 1 _
—+C (d) —tan "x+C
2 2
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Method:
™
j x"+a dx
Power of x are same in numerator and denominator
xTL
fx"+a dx

Adding and subtracting a in numerator.

{The constant same as in denominator}

= x"+a—a do
Y x"a

_ x" +a a
- f ( xn+a_xn+a)dx
= [(1 - o= ) dx

x"+a
= Jdr- 0y spg

1dx

()
Solution:

=f(1+%)dx

1
=fdx+8fm dx
= x+8n(x—-8) +C

130
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(b)x + 8in(x-8)+C

1
(d) Exz + In(x-8) +C
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Formulae:
(i) [e¥dx =e*+C
nx
(i) [e™dx =—+C
n
MCQ- 20:
[(e® + 8x)dx =?
1 6x
(a) 6e®* +8+C (b) ce€ +8+C
1
(c) Ee6x +4x% +C (d) 6e®* +4x?% +C
Solution:
| f( €6x + 8x)dx |
"'"""""""';z,;"é;c?"; """""""""""""
A O
=%e6x+ 4x2 +C+C
The answer is (c).
MCQ- 21:
f03 4e?* dx =?
e®+1 3e®
@ 2@E®—1)+C (b) 2e°+C (©) 2 +C (d) T+C
Solution:
|=— "= T/ T/ s/ srT/m s s/ /T 2_ """"""""""""" |
x :
. O S _l
f 2x73
- [2 e ]0
=2[e?*]3
=2(e®—¢e?)
=2(e®—1)
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The answer is (a).

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

f€5x+9 dx =?
1
(a) EeSx+9 (b) 5€5x+9
3 [x2e*’ dx =?
x3 3
@) — (b) = +e*
ex
f 1+ex ¥ =
(1+e¥)~2
(a) > (b) (11¢9)2
[ e*sec?(e*)dx =?
sec3(e¥)
(a) tanx (b) 3
[In e* dx =?
x? (In e*)?
(a) > (b) .
f_ pX+2INX Jy =2
x2 :
1
(a) E ex+21nx (b) ex

i (2)

[ In(e* esSin¥) dx =?
1
(2) eX+sin x

(b) Inx — e*

1 -
(b) E(x —2cosx) (c) e*

(c) In(1+e*)

tan3(eX)
(c
3
1
(c) —
e
(C) ex+2 Inx

=

(c) Inx)> -2

2—cos x

M. MAQSOOD ALI

eSx

(d) —

(d) e*’

(d) x + e*

(d) tan(e*)

(d) In e*+1

(d) None

(d) Inx —x2/2

(d) In (sin x)
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=1
eSUl X

dx =?

(9)

1—x2
(a) ecos‘lx (b) % 1_xzesin‘1x (c) x 1_xzecos‘1x (d) esin‘lx

tan x

(10) [ dx=?

cos? x
(a) tan x eSe™*  (b) In (tan x) (c) etanx (d) esec™

(11) [e®“* secx tan x dx =?

SeCZX
(@) In(secxtanx) (b) e®¢“”* (c) sec x (d) < >
1
(12) [ In (emeczx) dx =7
(a) In (cotx) (b) ecotx (c) cot x (d) None
(13) [In (esiln x) dx =?
(a) eSinx (b) e€0s ¥ (c) cos x (d) In (e€°s¥)
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INTIGRATION BY PARTS

Formula:
[ = [ vax— [ G [ v
u.vdx =u | vdx (dx' vdx)dx
Shortcut:
u v
v ——s [vdx
MCQ-22 :
stinx dx =?
(@) —xcos x + cosx +C (b) —xcos x +sinx +C

1 1
(c) Exzcosx +C (d) sin x +Exzcosx +C
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APPLICATIONS OF INTEGRATION
AREA UNDER THE CURVE ABOVE X-AXIS

Area under the curve above x-axis and between the lines x = a and
x = bis
b
Area =|_ydx
M(Q-23 :

What is the area under the curve y = cosx above x-axis between the linesx = 0

andxzn/z?
o) = d) =
(a) 1 (b) > (c) 2 (d) 7

Solution:

Area = [2cosx dx
=[sinx]g
T .
= sin 5 — sin0
=1-0
=1

The answer is (a).
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M(Q- 24:

What is area under the curve y = 3x?2 above x-axis betweenx = 0andx =2 ?
(a) 6 (b) 8 (c) 10 (d) 4

Solution:

Area =3 foz x? dx

X~ 2
=305 1,
2

:[x 0

]
0

8 —
8

The answer is (b).
EXERCISE-8

(1) What is the area above x-axis under the curve y = 5x* between x = 0 and

x = 2?
(a) 32 (b) 160 (c) 150 (d) 64
(2) What is the area above x-axis under the curve y2 = 36x between x = 4 and
L= %R
(a) 104 (b) 24 (c) 76 (d) 80
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(3) What is the area of shaded region?

A
x=3
2
{(X-Z)
2 I =
(a) 2/3 (b) 1/3 (c) 8/3 (d) 6
(4) What is the area of shaded region?
Y f(x)= X"
-1 -
1
(a) 18 (b) 36 (c) 27 (d) 1/2
(5) What is the value of P, if the area of the shaded region is 27 ?
y
: /
%
/rb+
‘%/
0 P
(a) 9 (b) 3 (c) 27/2 (d) 6
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SOLUTIONS OF DIFFERENTIAL EQUATIONS

MCQ- 25:
What is the solution of differential equation o 67?
(@) y =x*+C (b)y = 6x + C
)y =¢C (dy =3x2+C
Solution:
T I V :
I & 6 [
dx

Separate the variables and integrate.
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Separate the variables.

[2ydy =[dx
2
Zy—=x+C
2

y2=x +C —-(1)

Putting x =0, y=2
22 =0+C

C=4
Putting C=4in equation (1)

yi=x + 4
The answer is (a).

(1) What is the solution of the differential equation :_x (sin x) = 27

(@) cosx=0 (b)cosx=2x+C (c) 2x—sinx=C (d)sinx =C
(2) What is the solution of the differential equation dix (xz + 2) = 6x7?

(a) 2x =6 B)x?+2=6 ()Jx?2=44+C (d)2—-2x2=C

d
(3) What is the solution of the differential equation d—z = 0?

@y =10 (b)y +C=0 (Jy*/2=C dy=x+C
(4) Solve the following differential equation for y as a function of x
y=y+1

@y=1+C (b)In(y +1)=C (Jy=e**—1 (d)iny+1=x+C
(5) What is the solution of the following differential equation
y' =2xy?+ 2x?
(@)In(y?+1)=x%2+C (b)y = tan (x* + C)
(c)tan"ly=2x+C (d) eVt = x2 4 C

142



www.mathbunch.com M. MAQSOOD ALI

(6) What is the solution of the following differential equation? The value of

integral constant is zero.

dy
—_ — 1
dx y+

@)In(y+1)=x2/2 (b)y=hx—1 (cJy+1=e* (dy=x-1
(7) What is the solution of the following differential equation? Integral constant is

zero.
1 _
F'y = 3e y
(a)y=3Inx (b) Iny = x3 (c)y =e* (d) x3=Iny+2
(8) Solve the following differential equation, where integral constant is zero.

23

_ 2
dx 1=y

1 1
(a) SV 1-y2=x3 (b) P x> (c)y=sinx3 (d)sin~ly = 9x
=

(9) What is the solution of the differential equation

d

—y(2x—1)2—4= 0 , y=3 whenx=0.

dx

@) y=-1-4/2x=1) (b) y=1-2/(2x—-1)

2
_c _ 133
(c) (Zx—1)° (d) 8(2x—1)°"+1
(10) What is the solution of the differential equation
d
x3—d3; =6 , y(1)=5
o N _,_ 3 _ 18 _g_3
@x%y=8 bly=2-5 (@y=23-— (dy=8-3
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