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Chapter 3
QUADRATIC AND CUBIC EQUATIONS
ROOTS OF A QUADRATIC EQUATION

The value of x in a quadratic equation ax? + bx + ¢ = 0 is called the roots of the
equation.

Case-1: Coefficient of x% is 1:

MCQ- 1:
What are the roots of the equation x?2 + 5x - 14 = 0?
(@) 5,—1 (b) 14,—-1 (c) —7,2 (d) 2,=7
Solution:
Long Method:
x%+5x—14=0
x> +7x—=2x—14=0
x(x +7)—-2(x+7) =0
x=2)(x+7) =0
Either, x—2=0 or x+4+7=0
x=2 , x=-7
The answeris (d).
Shortcut:
r--r—-----—---~--~-"-~-"=-—"-"-—"-"=-"=-"=-—"="=-—""="=—=-=-—-== =1
X x> +5x—14=0 :

Break middle term 5x
7,—2
Change the signs and get the roots
x=-772

The answer is (d).
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Case-2: Coefficient of x? is not equal tol:

MCQ-2:
What are the roots of the equation 4x2 — 13x + 10 = 0?
(@) 5,3/, 02,2, (2,-4 (d1,,7/,
Solution:
Long Method:
4x%> —13x+10=0
4x* —8x—5x+10=0
4x(x — 2)-5(x-2) =0
(x-2)(4x-5) =0
Either x-2=00r4x-5=0
X = 2 , X = 5/4
The answer is (b).
Shortcut:

Break‘middle term —13x
-8 ,-5

Change the sign and dividing by the coefficient of x? (i.e. 4)
to get the roots

x = 8/4 , x = 5/4

x=2 , x = 5/4
The answer is (b).
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FACTOR OF A QUADRATIC EXPRESSION

MCQ-3:
What are the factors of the expression x? + 5x — 14 ?
(@ (x—2)(x+7) (b) (x —3)(x +6)
() (x—6)(x+8) (d) (x—1(x+6)
Solution:

o X +5x—14=0 . |
Break middle term 5x
7,—2
Change the signs and get the roots
x =(=7,2
Subtract both the roots from x and multiply them
(0=2)(X=.(=7)
(x=2)(x+7)
are the:factors.
The answer is (a).
M(Q-3:
What are the factors of the expression 4x% — 13x + 10 = 0?
(@) (x=2)(4x—=5) (b) (x—1) (2x—4)
() (4x=3)(x—6) (d) (x—2)(4x—5)
Solution:
The roots of the equation 4x? — 13x +10=0are
x = 2andx = 5/4 (see example 2)
2 , 5/4

Subtract both roots from x and multiply them

(x — 2)(x — 5/4)
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Multiply second factor by 4
(x —2)(4x — 5)
The answer is (a).
COMPLETING THE SQUARE
Formulae:
(i) a’ + 2ab + b? = (a + b)?
(i) a?—2ab+ b? = (a— b)?
Lecture:
Fill in the blanks.

b%? + 2ab + = (b + a)?
2a
b? + 2ab+ (7)2 = (b + a)’
b? + 2ab + a®> = (b + a)?
Example: Fill in the blanks x2 + 10x + = +__ )2
Solution:
x?+10x + = ( + )2

1052 10
x%+10x + (7 = (x + )*
x%2+ 10x + 52 = (x + 5)?
EXERCISE-3.1
(1) What are the roots of the equation x? — 8x — 20 = 0?

(@) 4,-5 (b) 4,5 (c) =2,10 (d) —2,—-6
(2) What are the roots of the equation 3x%2 — 10x + 8 = 0?

(@) —1,1/3 (b) 12,2 (c) —2,-2/3 (d) 2, 4/3
(3) What are the factors of the equation 2x% + 5x — 18 = 0?

(@) (x—3)(12x+9) (b) x—2)2x+9)

(c) x—2)2x+ 1) d) Cx+1)(x—-9)

(4) x*—6x+9=(x— _2 )?
(@) 3 (b) 2 (c) 6 (d) 9
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(5) x2+16x—12=(x+ ? )?—-76

(a) 12 (b) 64 (c) 16 (d) 8
(6) x> —8x—16=(x—4)?%*— 27
(a) 0 (b) 32 (c) 20 (d) 12

N
N
O

N
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SOLUTIONS OF EQUATION

MCQ-4:
x=?, if Vvx+1—+x+13=-2

(@) O (b) 1 (c) 2 (d) 3
Solution:

Option (d): For x = 3

Do not solve the equation.
Put the value of x, from given four options one by o\\
»

V3+1—-+3+13

=Vi-Vi6 <

, .
= -2
The answer is (d). Q

o

M(Q-5:
x =7, if 64%% =2
@) 1 (b) o 1/, (d) 6

i & Soea=2 R

On R.H.S: base= 2

)
‘ On L.H.S: base= 64
D Convert 64 into base 2.

64 = 2°

4

Solution:

(26)2x =2
212x — 21
12x =1
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_1
x = /17
The answer is (b).
EXERCISE-3.2
(1) x =?,if 221 4 4% = 48,

(@) O (b) 1 (c)2 (d)3
(2) x=2ifvV2x + 14 +Vx + 24 =09,
(@) O (b) 1 (c) 2 (d)3
(3) 5%*1 =1 thenx =?
_1 1 1
(@ 52 (b) - > © - > (d 0
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NATURE OF THE ROOTS
Lecture:
The nature of roots of a quadratic equation
ax’+bx +¢c =0

depend on discriminant

D = b? — 4ac
which is a part of quadratic formula
—b+Vb%2—-4ac
X =
2a

The nature of the roots

(i) D =0, theroots are real and equal.

(ii) D > 0, theroots are real and distinct (unequal).

(iii) D < 0, the roots are complex and distinct (unequal).

(iv) D is perfect square, the roots are rational and distinct,
otherwise irrational and distinct.

Roots are equal if D = 0:

M(Q-6:

What is the nature of the roots of 3x2 — 6x + 3 =07

(a) real and equal (b) real and unequal
(c) complex and unequal (d) irrational and unequal
Solution:

D =(-6)* —4(3)(3)

36



www.mathbunch.com M. MAQSOOD ALI

D =36- 36

The answer is (a).
MCQ-7:
What is the value of m if the roots of the equation 5x? — 2mx + 6 = 0 are

equal?

(a) m < +V30 (b) m > +/30 (c) m = +30 (d) None
Solution:

(—2m)? —4.5.6 =0

4m? —120=0
m? = 30
m = +v30

The answer is (c).

Roots are real and Distinct if D > 0:

M(Q-8:

What is the nature of the roots of 5x2 —7x + 1= 0?

(a) realand equal (b) rational and unequal
(c) complex and unequal (d) irrational
Solution:



www.mathbunch.com M. MAQSOOD ALI

AUTEHOR FREE DOWNLOAD
M. MAQSOOD | ALL BOOKS AND CD ON
ALT MATHEMATICS
ASSISTANT BY
PROFESSOR OF M. MAQSOOD ALI
MATHEMATICS FROM WEBSITE

www.mathbunch .com

MCQ-9:
What is the value of m if the roots of the equation 4x? — 6x + 3m = 0 are
real and unequal?

(a) m>2/3 b m<1/4 ()m<2/3 (d) m <3/,

Solution:

D>0
b? = 4ac >0
(—6)2— 4(4)@Bm) > 0
36-48m >0
3-4m >0
—4m > —3

The answer is (d).
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Roots are complex and unequal if D<O:

MCQ-10:

What is the nature of the roots of the equation 5x> —8x+4=07?
(a) real and equal (b) rational and unequal
(c) irrational and unequal (d) complex and unequal

Solution:

D = (-8)*=4(5)(4)
=64 - 80
=-16 < 0
The answer is (d).
MCQ-11: What is the value of mif the nature of the roots of the equation

4x%? — 2mx + 9 = 0 are complex and distinct?

(@) m<—-6,m>6 (b)m>6
(c) m< 6 (d -6<m<6
Solution:

T oo m oo s o m— R S M S M SN M SN S SN M S S S S S e

(—=2m)2 — 4(4) (9) < 0
Am? — 144 <0
m? — 36 <0
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m? < 36
—6<m<6 {vm?=36 = m=t6
The answer is (d).
Roots are rational and distinct if d is perfect square:
MCQ-12:
What is the nature of the roots of the equation 3x?-8x + 4 = 0?

(a) realandequal (b) rational and unequal
(c) irrational and unequal (d) complex and unequal
Solution:

T e e e e e E e E E e E E e E E R E W e e R e E o ey

i 3x2 — 8x + 4 =0

= (8)% — 4(3)(4) = 64- 48 = 16 = 42
16 is a perfect square of 4.
The answer is (b).
Lecture:
If D > 0, the roots are rational or irrational:

If D >0, the roots are real and distinct (unequal).

Since

R=QUQ’

Q :setof rational numbers

Q' : set of irrational numbers

so thatif D >0

There are two cases.

Case-1: D is perfect square, the roots are rational and distinct.

Case-2: D is not perfect square, the roots are irrational and distinct.
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EXERCISE-3.3
(1) What is the nature of the roots of the equation x2 — 5x + 6 = 0?
(a) irrational (b) real equal (c) not real (d) rational
(2) Let D be the discriminant of the quadratic equation
ax?+bx+c=0
The roots of the equation are real if

(a) D=0 (b) D=0 (c) D<O (d) None
(3) The roots of a quadratic equation are not real if

(@) D=0 (b) D<O (c) D=0 (d) D>0
(4) The roots of a quadratic equation are real and distinct if

(a) D>0 (b) D<O (c) D=0 (d) None
(5) What are the nature of the roots of the equation 4x? — 12x + 9 = 0?

(a) equal (b) real distinct (c) complex (d) rational

(6) What are the nature of the roots of the equation x% + 2x — 3 = 0?

(a) equal (b) real distinct (c) complex (d) rational
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SUM AND PRODUCT OF THE ROOTS

Sum of the roots = — b/a

Product of the roots = z

MCQ-13:
What are the sum and product of the roots of the equation 5x?> — 8x + 9 = 0?
5 9 8 9 5 8 -5 1
@55 ®55 9505 \
Solution:

o e A e M M M M S M M M M M e m M e M

sum of the roots = — b/a

—8
sum of the roots = — %

Il
vl o

Product of the roots =

The answeris (b).

Q| o

vl ©
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Lecture:
Explanations:
Sum of the roots and product of the roots without using formulae:

Firstly, find the roots of the equation

x2=5x+6 =0
x2-2x-3x+6 =0
x(x—2)-3(x—=2) =0
x—2)(x—=3) =0
Either x—2=0or x—3=0
x=2 , x =3

2, 3 are the roots.
Now,
Sumoftheroots= 2 + 3 = 5
Products of theroots = 2 X 3 = 6

Using formula:
x2—=5x+6=0
a=1 b=-5 c¢c=6

M(Q-14:
What is the value of m if the sum of the roots of the equation
5x2=(m+6)x+9=0is8?

(@) 34 (b) 28 (c) 14 (d) 6
Solution:

a=5 b=-(m+6), c=9
sum of the roots = 8
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—-b
—=38
a
—{—(m+6
(m+e)) _
5
m+ 6 = 40
m = 34
The answer is (a).
MCQ-15:
kx? — 5x + 6 = 0, what is the value of k if the product of the roots is 18?
(a) 3 (b) 1/5 (c) -3 (d) ~1/;
Solution:

i kx? —5x+6=0 i

a=k, b=-5, ¢=6
Product of the roots=:18

c

— =18
a

6

— =18

k

k =6/18
k =1/3

The answer is (b).
McQ-16:

What is the equation whose roots are additive inverse of the roots 5 and 8 of an

equation?
(@) x>+8x+5=0 (b) x2+3x+13=0
(c) x*?+2x+8=0 (d) x2+13x+40=0
Solution:

Additive inverse of 5 and 8 are — 5and — 8
Sum of the roots = (—5) + (—8)
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= —5-8
= —13

Product of the roots = (—5)(—8)

X2 — (—=13)x + 40 =0
x> +13x4+40=0

The answer is (d).
EXERCISE-3.4
(1) What is the sum of two roots of the equation 5x? — 8x — 4 = 0?

(@) 1/, (b) 5/8 (c) 8/5 (d) 4/5

(2) The product of the roots of the equation
2x% — 5kx + k = 2 is 8. What is the value of k?
(a) 12 (b) 18 (c) 16 (d) 20
(3) The square of the sum of the roots of the equation
3x2 — 6kx + 10 = 0 is 36. What is the value of k?
(a) —3 (b) 9 (c) V18 (d) —6
(4) The sum of the roots of the equation x? — 2kx + 12 = 0 is equal to 4 times
the product of the roots. What is the value of k?
(a) 12 (b) 24 (c) 48 (d) 6
(5) The product of the roots of the equation 2x2 + 6x + k = 1 is equal to the
square of the sum of the roots. What is k?
(@) —6 (b) 7 (c) 19 (d) 18
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(6) The product of the roots of the equation 3x? — 12x + p = 6 is equal to the
square root of sum of the roots. What is the value of p?
(a) 12 (b) 6 (c) 18 (d) 54
(7) a and B are roots of the equation 5x2 + 3kx + 20 = 5x. What is the value of
kif (a + B)? = ap?

(a) 15 (b) =5 (c) =25 (d) None
(8) What is the equation whose root are 3i and 5i?

(a) x2—8x—-15=0 (b) x>+ 8ix—15=0

(c) x?—15x+8=0 (d) None

(9) What is the equation whose roots are three times the roots of
the equation (x —2)(x —=5) =0
(@) x> —21x+30=0 (b) x2—=7x+10=0
(c) x2—21x+90=0 (d) x> —81=0
(10) Sum and product of the roots of the equation x? + bx + ¢ = 0
are 18 and —115 respectively. What are the values of b and c?
(@) 18,115 (b) 115,—18 (c) 18,—115 (d) —18,—115

46



www.mathbunch.com M. MAQSOOD ALI

CUBIC EQUATIONS
w is a cube root of 1 (unity).

All cube roots of 1 are

1, w and w?.

where w = _12\/?1. and w? = _1;/§i
PROPERTIES OF w

1) w3 =1

D1+w+w?=0

i) 1+w —w
i) w+w?=-1
VALUE OF w"
i) nisexactly divisible by 3:
w" =1

ii) The remainder is 1, when n is divided by 3:
w" =w

iii) The remainder is 2, when n'is divided by 3:

wm = w2
M(Q-17:
w* =?

(a) 1 (b) w (c) w? (d) 0
Solution:

Remainderis 1, when 4 is divided by 3
w?=w

Note: wt=wlw=1lLw=w

The answer is (b).
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MCQ-18:
w38 =7
(@) 1 (b) w (c) w? (d) 0
Solution:

Remainder is 2, when 38 is divided by 3
038 = 2
Note: w3 = w3%. w? = (). w? = (1% w? = w?
The answer is (c).

M(Q-19:

(@) 1 (b) w
Solution:

Note: w!® =w!'d w = (w3

The answer is (b).

M(Q-20:
w® + w'® + w?® =7

(a) 1 (c) w? (d) 0
solution:

‘ Reminder i$:2 when 5 is divided by3=> w® = w?
wctly divisible by 3 > w®=1

der is Iwhen 25 is divided by 3 > w?° = w
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The answer is (d).

(1) w°° =?

(@) O (b) 1 (c) w (d) w?
(2) w3 =?

(@) O (b) 1 (c) w (d) w?
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(8) (w® + w®)?® =2
(a) 1 (b) w (c) w
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CUBIC EQUATIONS

Lecture:
Real cube root of x3 — a3 = 0:
x =Va3 =a
Example-1:
Find real cube root of x3 — 27 = 0
x3 =27
x =327=333=3
All cube roots of a3:
3 = g3
x3 —a> =0

(x—a)(x*+ax+a®) =0
Either x—a=0=x=a

or x> +ax+a®> =0
B —ai‘fa2—4a2
X = 2
_—atJ/=3a
X = 2
(—Ltﬁi)
All cube roots are
—1+/3i —1—/3i
a, ( v Ja , ( > )a
or

a, aw , aw?
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All cube roots of —a3:
x3 = —g3
x3—(—a)> =0

All cube roots are

(—a), o, (—a)w?

or

—a, —aw, —aw?
where w is cube root of 1.

Result:

(i) One cube root is real and other two are complex of the equation
x3—a*>=0 or x3+a3=0.
(ii) The cube roots of a® are a ,aw ,aw?

and the cube roots of —a3 are —a , —aw , —aw?

—1++/3i . —1-V3i

where w = > and w 5 are complex numbers.

This shows that one cube root of a real number is real and other two
roots are complex. This result helps us to find all the cube roots of a real

number.
MCQ-21:
What are all cube roots of 1 (unity) .
(@) 1, w,w? (b) 1 (c) 1,-1 d) 1,-1, w
Solution:

All cube roots of 1 (unity) are

a, aw , aw

=1, w,w?

The answer is (a).
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MCQ-22:
What are the cube roots of 64?
(@) 8 (b) 4,—4, 4w
(c) 8,—8, 8w (d) 4, 4w, 4 w?
Solution:

64 = 43

=>aqa =4

All cube roots of 64 are
a, aw, a w?

= 4, 4o, 4 w?

The answer is (d).

M(Q-23:
What are the cube roots of —27?
(a) 9 (b) 3, 3w, 3w?
(c) =3, —3w, —3w? (d) =3, —3w,—3
Solution:
—27 = (-3)3
= a=-3

All cube roots of —27 are
a, aw, a w?

= —3, —3w, —3w?

The answer is (c).
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MCQ-24:
What are the cube roots of 17287
() —12,12,12 w (b) —6,6,6w?
(c) —8,8,4 (-1 ++/3 i) (d) —12,—6 +6V3i ,—6—6+/31i
Solution:

Do not find cube roots of 1728.

Read the given options carefully. \

i) There are two real and one compl ots \

first three option (a), (b), (c). '
i) Option (d) has one real ancMcomp o}
The answer is (d).

(1) What is a cube root of 64?
(a) -8 (b) —4w?

(2) What is a cube root of —

(@) 3vV3i (b) —

N
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