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IMPROPER INTEGRAL

The definite integral f:f(x) dx is said to be
improper integral if at least one limit is infinite. This type
of improper integral is called improper integral of first
kind.

There is another type of improper integral in which
the limit of integration are finite but the integrand f
becomes infinite at some points on the interval of
integration. This type of improper integral is called
improper integral of second kind.

IMPROPER INTEGRAL OF FIRST KIND:

CASE - I:
The improper integral of first kind in which upper
limit of the integration is infinite is defined as
+00 t
a a
The improper integral is said to be converge e
limit on the right side exist, otherwise it i

divergent.
Example 10.24:

Solution:

+ oo

f 800 dx
x2Vx2%2 — 16
5
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WHY x - 400, WHYNOT x = 40
Explanation: If x = 4+o0, then
+0o0 ©
800 dx 800 [\/xz - 16l+
s x*x? - 16 3 x 5
400 rx +oo
= — - /1= 16/x7]
3 lx 5
_ 400 {oo 3}
3l 5
(e e)
= is indeterminate form, so x — +co.

400 3
=— lim {,/1 —16/t2 — —}
3 to+o 5
_ 400 {1 3}
3 5
160
3

CASE - II:
The improper integral of first kind in which
is infinite is defined as

The improper integral is said e convergen
limit on the right side exist,.other is sa@to be
divergent.
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Example 10.25:

500 dx
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Figure 70.86

Graph of the function

500 dx
N e

from —oo to — 5.
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CASE - llI:

The improper integral of first kind in which both the
limits of integration are not finite is defined as

ff(x) dx = ff(x) dx + ff(x) dx

b q
= lim f f(x) dx + lim f f(x) dx
p - —00 q—
The improper integral is said to be convergent if both
limit of right side exist, otherwise it is said to be

divergent.

Example 10.26:

+00
f 900 dx =2 y
oz +252 * 7 4
Solution:
+00
J 900 ‘
(xz +25)2 ¥
0 %
=900 f dx + f dx 0 o
B (x? + 25)2 (x? + 25)2
-0 0 Figure 10.87
{ 0 a X The graph of the curve
=900 < lim f + lim 900
po—o | (x? + 25)2 q—>+00f x2 2 -
5 { ) 5 ( f0) =Gz 1282

p—> °°.f (x% + 25)2

x 5¢ 1° 1 [ 11X
-12 =— lim |tan"'=+ ——
= 250,00, [tan 5 2125l | 2500+
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WHY: x > —o0 ,and x — +00
WHY NOT x = —o0 and x = +

Explanation: If x = —oo

+0o0

f %0 - _900r x5 e
xz+25)2 % T 250" 5T xzy25)

5

18
-5G5ri 3

— isindeterminate form.
0

4P S5p }
5 p2+25

18 4P, P p
= —— lim {tan 1§+F(—)}

1+ 25/p?

+o00

900 dx 97 97 _ 187w

Z+252 575 5

— 00
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IMPROPER INTEGRAL OF SECOND KIND:
CASE I:

The improper integral of second kind in which the
integrand becomes infinite at any point on the interval of
integration i.e ¢ € [a, b], is defined as

ff(x) dx = ff(x) dx+ff(x) dx

b P b

j f(x) dx = lim_j f(x) dx + lim+J f(x) dx
p-c q-c

a a q

The improper integral from a to b convergent if the
integral from a to ¢ and c to b both converges otherwise
integral from a to be divergent.

Example 10.27:
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WHY NOT : “[
4 dx 3 4
S POV
[ =g =l -2
= 3{22/3 — 22/3}
2
=0

Explanation: f(x) is not continuous at 2,
but f(x) is continuous on [0,2) U (2, 4]

Figure 10.88 0 2 Rl
So that
Figure 10.88
3 ) 3 . Area under the c
_2 _ 9\2/3 _2 _ 9\2/3
S R AR
; ; fx) =
2
=5 lim {(p —2)?3 | == lim {23 above x-axis
p-2 2 g-2t
2 2 0 and
- 23} —(q —2)3}
3 2/3 ==(2%/3-0)
=2 (0-2) 2
3
_ 3 22/3 =—.2%/3
= 2 . 2
So that

+ dx 3 3
_ 2/3 2/3 _

Example 10.28:
m )
j se
0
Solution:
— cop? MNew . ¢
f(x) =sec*x = f(z)—oo ; 26(0,71)

The value of integrand is infinite at x = /2 € (0, ).
f(x) is continuous on [0, g) U (%,Tt].
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So that

T /2 T
J sec’x dx = J sec?x dx +f sec?x dx
0

0 /2
14 T
= lim | sec?’x dx + lim f sec?x dx
T T+
pP-oz Jo a-5 “d
. . » X
= lim [tanx]|§ + lim [tanx]f - (1) 0 /2 T
oI nt
2 Uine
Figure 10.89
WHY NOT: The graph of the fun

Vs
f sec?x dx = [tanx]|¥ = tanm —tan0 = 0
0

Its mean the area under the curve sec?x
between the vertical linesx = 0and x = mis
zero but according to the figure 10.89 the area
under the curve is not zero.

Explanation:

f(x) = sec?x is not continuous at /2.

So that
PlirTrrl_ [tan x]5 lim, [tan x]g
—>§ q—>E
= lirél_{tanp —tan0} | = lir1rrl+{tan m—
2 a->
= tanm/2 =0- /2
= OO j—

(1) becomes

s
Jseczx dx = 0+ o0 =
0
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CASE IlI:

The improper integral of second kind in which the
integrand becomes infinite at lower limit “a” of the
interval of integration [a, b] and continuous on [a, b] is
defined as

b b
f f(x) dx + cl—i}2+f f(x) dx

The improper integral is said to be convergent if the
limit on right side exist, otherwise it is said to be
divergent.

Example 10.29:

29
—dx
fl (x—1)"/3

Solution:
The integrand is
1
o N
(x—=1)73
f() =00

The integrand f(x) is discontinuous at x = 1 but
continuous on (1,2].

2 2
——dx = limf x—1 /3 dx
J; (.X'— 1)1/3 co1t c ( )

WHYNOT:x=1orx—>1 , WHY: x> 1
Explanation:

f(x) is discontinuous at x = 1,50 x # tx
Sincex > 1meansx »> 1" orx » 1% a L1 :
1€ [17,2] but 1£[1%,2],s0x > 1* 0 T 2 3

Figure 710.90
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CASE llI:

The improper integral of second kind in which the
integrand becomes infinite at upper limit b on the
interval of integration [a, b] and continuous on [a, b] is
defined as

b c
f f(x) dx + clinz}—f f(x) dx

The improper integral is said to be convergent if the
limit on right side exist, otherwise it is divergent.
Example 10.31:

7
0 2—X X
Solution:
The integrand is
) = 5—
f(2) =0

The integrand f(x) is discontinuous at x = 2 but
continuous on [0,2).

2 1 ¢ 1
,[Oz—xdxzclirzn— 0 2—xdx

WHYNOT:x =2 orx—>2 , WHY: x - 2~
Explanation:
f(x) is discontinuous at x = 2,50 x # 2 but x
Sincex > 2means x > 2~ or x —» 2%
2€[0,2%] but 2¢£[0,27],s0x - 2~

Figure 10.92

The limit does not exist. So that improper integral

2 1 p
fl -1z
diverges.

234

Figure 710.92



www.mathbunch.com

EXERCISE

Determine whether the following improper
integrals converge or diverge if it converges find its
value.

(D fxz e~ dx 2 fxzj- T dx
r dx ‘ dx
®) !-x w2 — 1 dx ) ,[x(inx)z
1 1 7 2xd
xdx
® [ o © | =5
@) L, = dx 8) [~ xe™
[e9) d 1
xdx
(9) j m (1 — dx
(11) f03 16_13;2 %czxdx
(13) fon/zseczxdx
9
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