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REDUCTION FORMULAE
(Trigonometric Function)

() j sin™ x dx

y
G, = jsin" x dx A
1
= f sin™ 1 x sinx dx
G, = sin™ 1x (—cosx) 0 i 271[,,)(
— | (n — Dsin™ 2?xcosx (- cosx)dx
= —sin" 1x cosx
F | -
+(n—1) f(n — 1)sin™ 2xcos?x dx Figure 70.18
= —sin™x cosx Curve in®x
+(n—1) f(n — Dsin™" 2x(1 — sin®x) dx
= —sin™" x cosx
Y,
+(n—1) f sin"2xdx — (n—1) f sin™ x A
1k
= —sin"x cosx+(n—1) G,_,— (n—
G, + (n—1)G, = —sin™'x cosx + (n — 06
nG, = —sin®1x cosx + (n —
. N 02}
G, = —— sin"lxcosx +
n 0 > X
T 21

Figure 10.19

Curves sin®x, sin*x, sinx

178



www.mathbunch.com M. MAQSOOD ALI

(i) fcos" x dx

y
Gn=fcos”xdx 4

G = fcos”‘lxcosxdx x %
T 2T
0 | 1 » X

= cos™ txsinx+ (n—1) J cos™ 2 x sin? x dx

= cos™ ! xsinx
+(n-1) J cos™ 2 x (1 — cos? x) dx A Figure 70.20
= cos™ " xsinx Curves cos cos®
+(n—1)Jcos"‘zxdx—(n—l)jcosnxdx m
= cos" lxsinx+ (n—1)G"?% - (n—1)G,_, yA B

G, + n—1)G, = cos™txsinx+ (n—1) G,_,
nG, = cos™" 1 xsinx + (n—1) G"?

1 el . . n—1
G, = — cos™" " xsinx +
n

Gn—z

1 s o | >X
I 2T

Figure 10.21

Curves cos?*x,cos*x, cos®x
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(iii) ftan" x dx

G, =ftan”xdx

f tan™ 2 x tan™ x dx
= j tan™ 2 x(sec™ x — 1) dx

= j tan™ % x sec™ x dx — j tan™ 2 x dx

tan™ % x
= Tho1 U2

(iv) f sec™ x dx

G, = fsec”xdx

= f sec™ 2 x sec? x dx

= sec™ 2 x(tanx)

— f(n —2) sec™3 xsecxtanx (tanx

= sec™?xtanx — (n — 2)[ sec™?
= sec™? xtanx

—(n— 2)[ sec™?

n—2

= SecC x tan x

= sec"?xtanx— (n—2)G, + (n—2) G,_,
G,+ (n—2) = sec™?xtanx+ (n—2) G,,_,

G, = ! sec”‘zxtanx+(n_2)
" on-1 n—1

Gn—z
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(v) Gm,n = f sin™ x cos™ x dx

(a) To reduce n:
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(1 + n_—l) G = L sin™* x cos™ 1 x
m+1/ ™" m+1
n—1
F ot Omn
m+n
G = sin™ x cos™ 1 x
(m + 1) mn m+1
Lnls
m+1 ™2
Gy = 1 sin™t x cos™ 1 x + n_—l G
m m+1 m+1 ™n2

(b) To reduce m:

Gmn = fsinm x cos™ x dx
Gmn = f(cos" xsinx) sin™ 1 x dx
— G = f(—cos" xsinx) sin™ 1 x dx
Integrate by parts taking sin™ ! x as first

function and (—cos™ x sin x) as second functi

c j o, cos™lx
- = | sin X —————

mn n+1

—j(m —1)sin™? xd

h

f sin™ 2 x cos™ x cos? x dx

P M —2

sin x cos™ 1 x

n+1
m-—1

n+1

f sin™ % x cos™ x dx

m+1
n+1

J sin™ x cos™ x dx
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_|_

n+1 Gm-2n

m—1
G = sin™ 1 x cos™t! x
( ) mn n+1

n+l ' m—1 Life Sience
+ n+1 Gm-2n
d

G, =— 1 sin™ 1 x cos™1 x +m—1
mn m+n n+1

Example 10.6:
In a city, the number of cars crossing a traffic signal at 504
time t (in hours) is modeled by a function N(t). The
rate at which the cars cross the signal is

Gm—z,n (H N(t)

N

d 1
T N(©) = 50 sin*(/7.64) 25
Figure 10.24
(@) Find the function N(t), if not any car crosses 0 ' " —Ns t
signalatt =0 (01: 00 am.). 12 24 36 48
(b) How many cars will cross the signal first : Figure 10.24

Solution:

dN(t)—SO in*
T = 50 sin*(

N(t) = SOJ.sin

t
Let Tea s x,t=764x = = 7.64dx, so

N(x) = 382fsin4x dx - (1)
Let
G, = fsin‘* x dx
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Reduction formula

N
G, = f sin™ x dx 900+
- n—1
= — —sin™* xcosx + Gp_>
n 450+
1
Gy, = ——=sin°xcosx + =G,
14 34 { 1 " > t
0 ; 8
= — —sin®xcosx+ — {— =sinxcos x + = Gy} 24 48
4 4" 2 2 Figure 10.25

1 3 2 + =G
= — — SN XCOSX — —SInxcos x -
4 8 g °

1, 3 +3f 0.y
= — —SIN" XCOSX — — SInXCoS X by Sin~x ax
4 8 8

R 3 . N 3 :>
= 7 sin® x cos x 3 sin x cos x 3 X
So that

N()—382{1'3 3 i +3}
X) = 4Sln X COSX SSlnxcosx 8x

+C
Total number of cars cross the signal at time t is

N = 382{- 7 sin? (757 cos (5.7)
) = 15" \7.64)°°\7.64

5 sin(77) o5 (767)+ 5
8 "™"\762)°* \762) " 38

+C - (2)

Putting t = 0 and N(t) = 0in (2), we ge
c=0
So that
_ 1ot
N(t) =382 {— 7 sin (ﬁ cos
3/t t
B (m m)}
Figure 10.25

(b) Putting t = 1 day = 24 hours

N(24) = 450
First day total 450 cars will cross the signal.
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Example 10.7: Physical Sience
The rate of change in temperature of a part of a

electronic device in working is
dT

i 25cos°t degree celcius per minute.
Figure 10.26
Find the temperature of the part of the device as a
function of time. The temperature of it was 30 C°
when the experiment started.
(a) Find the rate of change in temperature att ='2.5
minutes.
(b) Find the temperature of the partatt = 2.5
minutes.
Solution:
Reduction formula

1 n—1
G, = fcos"xdx = Ecos"‘lxsinx + " Gy

So that a7
dt

Gs = 25fcossxdx N
25 1

1 4
= 25(§ cos*xsinx + §G3)

1 4 /1 2
= 25{§ cos*xsinx + A (§ cos?xsinx + 3 Gl)}

to V¥

3 6
= 25(2 cos*xsi + 2xsinx + i
= (5 cos“xsinx 15 cos“xsinx 15

— 4 P 2 ]

= 25(cos*xsinx + s cos“xsinx + 1

8

Figure 710.26

= 25(§ cos*xsinx + Ecoszxsinx + Esin

= 5(cos*xsinx + §coszxsinx inx) + C

So that &
T(t) = 5(cos*tsint + gcos2 J int) + C

Att=0,T = 30, so
30=25(0+0+0)+C
C =30

185



www.mathbunch.com M. MAQSOOD ALI

The temperature T as a function of time ¢ is

4 8
T(t) = 5(cos*tsint + §cosztsint + §sint) + 30 Tr(t)
Figure 10.27 40

(a) Rate of changeinTatt = 2.5 minutes.

dT

(—) = 25c0s°2.5 30

dt/¢=25

= —8.2 °C/minute 20k
Negative sign shows that the temperature is decreasing
att = 2.5. L
(b) The temperature of the part att = 2.5. 100 6.2

4 )
T(2.5) = 5(cos*2.5 sin2.5 + §c0522.5 sin2.5 Figure 10.27

+§sin2.5) + 30
= 32.25°C
Example 10.8: e
Far from the city a oil tanker hits a reef and begins to leak.

Life Sienc
A team reaches there from the city to repair the leak. They
note that 200 liters oil has been leaked and the remaining
oil is leaking at the following rate (
t+10

d d ,
—V(t) = 10 tan® < ) a4t V(t) (in hundred)

dt
Figure 10.28 4
where t is the time (in hours) and V(t) is the total
volume (in hundred of liters) of leaked oil at time t.
(a) Find the total volume of leaked oil at time 100
(b) How much oil will have leaked altogather a
end of 4 hours?

(c) How much oil will have leaked altogath i
end of 10 hours?
Solution: 0.27 . > t
d 0 2 4
—V(@)=1 i X
7 (t) (Y Figure 710.28
V() = f 10 tan® - (1)
t+ 10
Let >0 =x, t=20x—10 =dt = 20dx

Putting in (1)
V(x) = 200.[ tan®xdx - (2)
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V(t) (in hundred)

N

150 +
100 +

50 +

2

0 2 4 6 8
Figure 70.29
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Reduction formulae for logarithmic function:

y 3
, (Inx)

G, = f(]n x)" dx 4l
It can be written as | 2
G,= [1. (Inx)"dx (Inx)
Integrate by parts taking 1 as second function:

rd

2+ Inx

G, = (Inx)" (x) —fn (In x)"1 <%> (x) dx

G,=x(Inx)"—n f (Inx)™ 1 dx 1 2 3 4

Gp,=x{nx)"— nGy,_, Figure 10.30

Figure 10.30
& Business and Econo

Example 10.9:
The marginal profit from the sale of shoes is

MP(q) = {In (q +3)}°
Figure 10.31
where q is the number of pairs of shoes (in hundreds)

and P is the profit (in hundred of dollars). MP(a)
(@)  Find the profit function P(q), if the loss is $3000
for no sale of shoes.

(b) Calculate the loss on the sale of 200 pairs of
shoes. 40t
(c) Calculate the profit on the sale of 600 pairs
shoes. 20+
Solution:

MP(q) = {In (¢ +3)}° 0 2 4 & 0
2 4 6
P(q) = | {In(q +3)}°d
(q) f{n(q )}dq Figure 710.31
letg+3=x =dq=dx

P(x) = ¥ @
If G, = f(ln X)

Reduction formula
Gpo=xUnx)"— nGy_4
Gs = x (Inx)® — 5G,
= x (Inx)® — 5{x (Inx)* — 4G5}
= x (Inx)® — 5x (Inx)* + 20G,
= x (Inx)®> — 5x (Inx)* + 20{x (Inx)3 — 3G,}
= x (Inx)> — 5x (Inx)* + 20x (Inx)3® — 60G,
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Gs = x (Inx)> — 5x (Inx)* + 20x (Inx)?
— 60{x (Inx)? — 2G,}

Gs = x (Inx)> — 5x (Inx)* + 20x (Inx)3
— 60x (Inx)? + 120G,

Gs = x (Inx)> — 5x (Inx)* + 20x (Inx)3
—60x (Inx)*+ 120 (x Inx — G,)

Gs = x (Inx)> — 5x (Inx)* + 20x (Inx)3
— 60x (Inx)*+ 120x In — 120G,

P(a)

Gs = x (Inx)> — 5x (Inx)* + 20x (Inx)? il

— 60x (Inx)? + 120x Inx — 120x

120+

Gs = x{(Inx)>— 5(Unx)*+ 20 (Inx)3

—60 (Inx)?+ 120 Inx — 120} + C 80 -
So that
P(x) = x{(Inx)%— 5(Unx)*+ 20 (Inx)3 d

— 60 (Inx)? + 120 Inx — 120} + C - (1) ( 0_./2./ : "

1 3 4

Puttingx = g + 3in (1)
P(q) =(q+3){Un(q+3)°~ 50Un(q+3)*
+ 20 (In (q + 3))® — 60(In(q + 3))?
+120In(q +3) — 120} + C — (2

Figure 710.32

Loss is $3000 for no sale of shoes.

Putting P(x) = —30and x = 0in (2)

Putting in (2)
P(@)=(q+3){(n(q
+20 (In(q +3))3 -
+120in(q + 3) — 120} +

is the profit function.
Figure 10.32

(b) For 200 shoes ,Putting x = 2 in (3)
P(2) = —18.28
The loss is $1828.
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(c) For 600 shoes ,Putting x = 6in (3)
P(6) =97.45
The profit is $9745.

Reduction formulae which will reduce n:

Gmn = f x™ (Inx)™ dx
Integrate by parts

m+1
Gmn = (Inx)" ——]
1 xm+1
_ I n—1 <_)
fn (Inx) 2 \mr1 dx
m+1 n
= I n_ m (] n-1
Gmn m+1(nx) —— x™ (Inx)™* dx
x™H (Inx)" n
Gm,n = - Gm,n—l
m+1 m+1

Example 10.10: &L

The number of trees burning at time t (in days) in a
forest fire is modeled by a function N(t). The fir d Ny
spread at a rate

C;—IZ =(t+2)3{n(t+2)}
Figure 10.33
(a) Find the function N (t), if 50 trees are bur 1000
originally.
(b) How many trees will be on fir s later? 600+
Solution: B
N 3 il
i (t+2)°{ 200

Figure 10.33
N(t) = j(t +2)3{In(t+2)¥dt - (1)

Figure 10.33
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Putting in (3) N/St)
N(t) = (t+2)7 [{In(t + 2)} — % {In(t + 2)}*
+ gln(t +2)— g] +50 - (3) 1000+
Figure 10.34 6001
(b) Putting t = 3 daysin (3) 200k
N(3) =433 I i >t
Figure 10.34

433 trees will on fire after 3 days.

EXERCISE
(1) [ cosec™x dx
(2) [ cot™x dx
(3) [ sin®x dx
(4) [ cos®x dx
(5) [ tan*x dx
(6) [ sec”x dx

(7) [ cosec®x dx

(8) [ cot®x dx

(9) [ sin®x cos® x dx reduce power of sin x.
(10) [ sin?x cos* x dx reduce power of cos x.
(11) [(Inx)® dx

(12) [ x* (Inx)® dx
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