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EXAMPLES AND THEOREMS FOR TAYLOR AND MACLAURIN SERIES:
Theorem A-8:

If a series converges then its nth term has the limit zero
asn — oo,

Proof:

o)

Suppose that the series z a, is convergent.

1
Sn=a1+a2+“'+an_1+an
Sn_]_ = aq + a, + -4+ An-_1

Hence,
Sp—Spo1 = ay
lim S, =land lim S,,_; =
n—-oo n—oo
lim a, = lim (S,, — S;,—1)
n—-oo n—-oo
=lim S, — lim §,,_;
n—oo n—->oo
=l-1=0
Theorem A-9:
xn
lim Il = 0 for every real number x.
n—oo !
Proof:
Consider a series.

_ 1 1 2
S, =1+ Ex +zx +
where x is a real number
xn
Let u, = o

1

=1 | ,
n-oo n + 1
less than 1 for every value of x, it
follows ratio test that given series is absolutely

x| =0<1

The preceding theorem state that if a series converges
then its nth term has the limit 0 as n — oo,
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Example 9.7:
Expend e* in power of x.
Solution:
f(x) =e*
k P f®(0)
0 e* 1
1 e* 1
2 e* 1
3 e* 1
4 e* 1
5 e* 1
n+1 e*
n+1
: — 1 (n+1)
pim Ry = lim |(n T/ ©
xn+1 xn+1
= li cl — ,c
o [+ 1° now |(n + 1)!
n+1
Sincerlli_l)r{)lo m+ D! - (0 asn > o, so

lim|R,| = 0
n—-oo

Series of e* in power of x converge to zero.
Maclaurin’s series is valid for e*.

fG) =f(0+x)

2
fG) = £(0) + xfD(0) + %f(z)(o) N %
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Example 9.8:
Expand six x in power of x
Solution:
f(x) =sinx
k fPx) f®(0) y
0 sinx 0 1 F: (x)
1 CcOSX 1
2 —sinx 0 11
3 —CoSXx -1
4 sinx 0 0 > X
5 cosx 1 2m
: : Ak sinx
n+1 +sinx or + cosx
P (x)
|f(n+1)(c)| = |tsinc| = |sinc| <1 Figure 7.32 a
and
|[f ™D ()| = |xcosc| = |cosc| < 1

In both cases
|f(n+1)(C)| <1

Now
n+1 )
i = i (n+1
lim [R, ()| = lim o 1)!f (©)
n+1
=1 im | £+ f(x)=sinx
Jim || A ) x)
<0x1 1y x
=0 2n
R,(x) > 0as n— o AL
Series converge to zero. Maclaurin’s series is P (x)
sin x. - 3 P (%)
f(x) = f(0+x) e Figure 7.32b ' 11

3
FG) = F(O) +xFD(0) +5 + 590
X @ x? (s). |
+Ef 0) + af (0)
_ x? x3 x* x°
sinx =04+ x(1) +§(0) +§(—1) +E(O) +§(1)
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3

5

) _ X X
sinx = x—§+§...
® —1 n,.2n+1
sinx = —( )'x
2n+ 1)!

n=0
Example 9.9 :
Expand f(x) = sinx in power of (x — g)
Solution:

f(x) =sinx

k f®x) f®(m/2)

0 sinx 1

1 COSX 0

2 —sinx -1

3 —CO0SX 0

4 sinx 1

5 cosx 0

n+1 +sinx or + cosx
|[f ™V ()| = |£sinc| = |sinc| <1

and

|f(n+1)(c)| = |+cosc| = |cosc| £ 1

In both cases

Now

. . . VA
The series of sin x in power of (x — 5) converge to zero.

|f(n+1)(c)| <1

Taylor’s series is valid for sin x.
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The series of e”* in power of (x — 1) converge to zero.

156



www.mathbunch.com M. MAQSOOD ALI

Taylor’s series is valid for e*.
fO)=f1+x-1) ,
= F) + G- DFO @) + E 2 p)

133
+%f(3)(1) 4o

(x_1)2e+(x_1)3e+

e*=e+(x—1e+ T T

(x—-1)2 (x-1)°
T T

Example 9.11:
Use an infinite series to approximate
1

f sinx?dx

0
to three decimal places
Solution:
By Maclaurin’s series

6 10 (
x° x
a2 2
sinx® =x 30 + =

e*=e{l+(x—-1)+

3

So that

(b) (i) Fin mainder and approximate value of cosm /6,
forn = 3.
(ii) Find the value of ¢ such that cos /6 = 0.5.

(c) Provethat f(x) = Ps(x), correct to one decimal

places for all x € (0, g).
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(@) Using Maclaurin polynomial, find an approximate
value of e*, correct to three decimal places, forn = 5.
(b) Find the remainder and approximate value of e”,
correct to four decimal places, for n = 6 such that
e’ =1096.3316.

(4)  Find Macluarin polynomial and remainder in term of
c of degree four for the function
6
x) =
) =—
(a) Find the approximate value of f(9) using Macluarin

polynomial and also remainder such that
f(9) =1.2.
(c) Prove that ¢ € (0,9).

(5) Find the general form of Taylor polynomial ab
for the function

f(x) = Inx
(6) Find the general form of Taylor polyno
remainder about a for the function

f(x) = Inx
(a) Find the approximate value and remainde
of c) of In10 using Taylor’s p mial forn =

about 4 and 8.
(b) In10 = 2.302585, cor

find the approximate valu ainder of (n10 by

Taylor polynomial for n=5 ab d prove that

c € (9,10).
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EXERCISE 2

Use Taylor’s series or Maclaurin’s series to find the series of
the following functions in power of indicated term.

(1) fx)=e* in x
(2) f(x) = cosx in x
3) flx)=e*/ in (x—a)
4) fx)=e7* in (x+1)
5) fx)=mn(1-x) in x
6) f(x)=In(1+x) in x
(7)) f(x) =Inx in (x—1)

(8) Find a series in power of x for f(x) = In(k + x)
(@) fln10 = 2.3026 then find
(i) In19 (ii) In19  (iii) In8 (iv) can you find2
(b) IfiIn 100 = 4.6052 then find
(i) In199  (ii) In10  (iii) In150 (iv) In90
(v) can you find250
(9) Find a series for In(x/3) in power of x — 3 and show t
it is convergent by ratio method and valid for 0 < x
(10) Find a series in power of x for the following an
ratio test to show that the series is convergen
(i) f(x) = sinhx (ii) f(x) =lcoshx
Use an infinite series to approxima
four decimal places:

1
sinx? 3
x x
(11) f = d ( i
x
0.5 051 (14
n(l+x
(13) fxzcos 2dx 4) " dx
0 0

0.1

(18) e™/? (19) Ve

159






