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Chapter 8

ROLL'S AND MEAN VALUE THEOREMS

STRICTLY INCREASING FUNCTIONS:

A function f is said to be strictly increasing on a set S
subset R if
f(x1) < f(xy) forallxy,x, €S suchthatx; < x,

The value of a strictly increasing function f(x)
continue increases on increasing the value of x.
The graph of an strictly increasing function f(x) rises up
as x moves to the right, as shown in the

figure 8.1. Figure 8.7

Examples 8.1: Ay\ ‘
(i) f(x) = 5xisa strictly increasing function on the set

of real numbers, because
f(1) < f(2) for 1<2

<5,
o

f(x1) <f(xp) forall x; <x, 54
—— i >X
figure 8.2. 2 -1 1 2 3

STEADILY INCREASING FUNCTIONS:
A function f is said to be steadily incre nase Figure 8.2
subset of R if
f(x) < f(xy) forall xq,x; €S
The value of a steadily increasin
or remain unchanged on
shown in

uch that x; 2
ction f(x) increase y
value of x as A

Z >X

=

Figure 8.3
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Examples 8.2:
f(x) = |x] is steadily increasing function on the set of
real numbers.

(—1 for —1 <x<0

| 0 for 0 <x<1
f(x)=4 1 for 1 <x<2

L 2 for 2 <x<3

3 for 3 <x<4

Since f(0)< f(1) for 0 <1
f(0)= f(0.5) for 0 < 05
~ fis steadily increasing.
Figure 8.4

STRICTLY DECREASING FUNCTIONS:
A function f is said to be strictly decraeasing on a set S
subset of R if
f(x1) > f(xy) forall x;,x, € S such that x; < x,
The value of strictly decreasing function f(x) continue
decreases on increasing the value of x.
The graph of a strictly decreasing function falls as x
moves right, as shown in
figure 8.5.
Examples 8.3:
1
fe =~
is a strictly decreasing function on the set o
integers.
Since f(1) > f(2) for 1
f(2) > f(@3) for 2 <
f(x1) > f(xp) forall x; < x,
figure 8.6.
STEADILY DECRAEASING F
A function f is said
set Ssubset of R if
f(x1) = f(xy) forall xq , x, that x; < x5
The value of a steadily decreasing function f(x) decrease
or remain unchanged on increasing the value of x as
shown in

figure 8.7.
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Thus f is strictly increases in the neighbourhood of a, y
Conversely, f is strictly increasing in an open interval
(a,a + §).

= f(x) > f(a) for x > a, xe(a,a + 9)
= f(x)- f(a)> 0 for x-a >0

= lim f—(x) — /(@) >0

x—a X —a

= f'(@ >0 ) Figure 8.710

f is strictly increasing on an open interval (a — §,a)

= f(x) < f(a) forx < a; x € (a—96,a) Q
= f(x)—f(a)<0forx—a<0
f@-f@ Q

X —a

= lim f—(x) — /(@) >0
x-a X—a

> f'@)>0 — (il

Combining above two results we can say_that

if and only if f is strictly increasing in s

neighbourhood of a i.e (a — §,a + §).
Figure 8.

(ii) The proof is left for th

Example 8.4:
Show that the value of f is strictl
x € (—oo,—2) and forall x € (3,0
decreasing for all x € (=2, 3).

creasing for all
ut strictly

e le gers
flx) = 3x 2x X
Solution:

ffx)=x*—-x—6 =(x—3)(x+2)
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f is strictly increasing when

f'(x)>0
= (x—3)(x+2)>0
It is possible when both factors have same signs.

Case-l:
For strictly increasing:
Suppose both factors are non-negative.
x—3>0and x+2 >0
x >3 and x > -2
x €(3,)and x € (—2,)
x €(—2,0)N(3,0) = x € (3,,)
Case ll: Suppose both factors are negative.
x—3 < 0andx+2 <0

x < 3andx < =2 Q
X € (—o0,3)and x € (—,—2)
X € (—,3) N(—o0,—2)
x € (—o0,—2)
Hence f is strictly increasing for all x € (—oo, —
all x € (3,»).
For strictly decreasing:
f is strictly decreasing when
[ (x)a<i0
0
3 DOSi

It is possible when both the factor
Case-lI:

Suppose (x — 3) isn
x—3<a

tive positive

X
X € (— 00 ,00)
x € (—0,3)

= (=2,3)

Case-ll:

Su is pasitive and (x + 2) is negative.

Oand x+2<0
>3 andx < -2
(3,00) and x € (—o0, —=2)
x€e(3,x)N (—x,—2)
= xe{ } Hence accordingto case 1 and 2, f is strictly
decreasing for x € (—2,3).
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ROLLE’S THEOREM

Statement: f is a function with domain [a, b], if
(i) f is continuous on [a, b]
(ii) f is derivable in (a, b)
(iii) f(a) = f(b)
then there exists at least one real number
ce (a,b) such that f'(c) = 0.
Proof:
f is continuous on [a, b]
f is bounded and attains its bounds {by theorem A-2}
Let M and m be the least upper bound and greatest lower
bound of f(x).
We have two values c,d € [a, b] such that f(c) = M and
fld)=m
Thus we have two case
Case-l:
f(x)isequalto f(a)and f(b).
fGx) =f(a)=fb), xe€lab]
Figure 8.11
In this case f is a constant function in the interval
[a, b].The derivative of a constant function must be equal
to zero.
f'(x) = Oforall xe€[a,b]
The theorem is true in this case.
Case-ll:
f(x) is a variable function.
= m # M but f(a) = f(b)
= At least one of M and m must be diffe
and f(b), then there are following three cases.ar
(i) m=f(a)=/f(0)but M #f(a) = f(b)
Figure 8.1
(i) m #f(a)=/f(Db)b
Figur
(i) m = f(a) = f(b) and
Figure 8.12
Consider the case M # f(a) =
Since f(c) =M = f(x) forall x € [a,b]
= At x = c the pointis a critical point.
= f is neither strictly increasing nor strictly decreasing
at x =c.
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If we suppose f is strictly increasing at x = ¢, then we

can prove it wrong by taking two points cand ¢ + € in

[a, b].

Since M is least upper bound of f.

= M=f()>f(ct+e)forc<c+e

= f is not strictly increasingat x = ¢

= If we suppose f is strictly decreasing at x = c, then

we can also prove it is wrong by taking two points ¢ — ¢

and cin [a,b]

Since M is least upper bound of f.
M=f(c)>f(c—¢e)forc >c—¢

= f is not strictly decreasing at x = c,

Hence f is neither strictly increasing nor srictly

decreasingatx = c.

= f'(c) # 0and f'(c) 0{by theorem A — 7}

= f'(c) = 0for ce(a,b)

Similarly we can prove for m # f(a) = f(b)

GEOMETRICAL INTERPRETATION:

If a function f is continuous on [a, b] and derivable on

(a,b) and f(a) = f(b), then there exists at least one

real number c € (a, b) where the tangent is parallel to x-

axis or slope of the tangent is equal to zero.

(i) Figure 8.13a: At least one real number c € (a,b

where the tangent is parallel to x-axis or slope of the

tangent is equal to zero.

(ii) Figure 8.13b: More than one real numbe

¢, d € (a, b) where the tangents are parallel t

slope of the tangents is equal to zero.

Algebraically:

exists at least one real root of th
f'(x) = 0 liesbetweenaand b
Example 8.5:
Verify Rolle’s theorem for th
f(x) =sinx ; xe(0,
f(x) =sinx ; xe[0,m]
f(0)=0and f(mr) =0
f (x) is continuous on [0, ] and derivable in (0, 1) and
f(0) = f(m).

So that the conditions of Rolle’s theorem are satisfied.
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LAGRANGE’S MEAN VALUE THEOREM

Statement: Let f is a function with domain [a, b],if

(i) f is continuous on [a, b] and

(ii) f isderivable on (a,b)

Then there exists at least one real number c € (a, b) such

that

) = f@
f'@) = T bh_a

Proof:

Let ¢ is a function defined as

px)=Af(x)+Bx - (1)

where A and B are constants we choose A and B such that

¢(a) = ¢(b)

From(1) Af(a) + Ba=Af(b) + Bb
Af(a)—Af(b) =Bb—Ba
—A{f(b) - f(@}=B(b-a)

fb)—f(a) B
b—a A

¢(x) is continuous on [a,b] and derivabl
¢(a) = ¢(b), then by Rolle’s theorem t
least one real numberce (a,b) s
From(1) P'(x)=Af"(x)+
¢'(c)=Af'(e)+B

OF THE THEOREM:
a+hh>0=[ab]=][aa+h]
berlessthan1s00 < 0 < 1.
a+0h<a+h

+ 6he(a,a+h)

let ¢ =a+6he(a,a+h)

Substituting these values in equation (4) we get

f’(a+9h)=f(a+hi)l_f(a), 0<6<1
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GEOMETRICAL INTERPRETATION:
If f is continuous on [a, b] and derivable on (a, b), then
there exists at least one real number c € (a, b), where the
tangent is parallel to the chord which join the points
(a,f(a)) and (b, f (b)).
Figure 8.17
Slope of the chord joining the points (a, (f(a)) and :
(b, f (b)) is equal to the slope of tangent at ¢ € (a, b). EA(a,f(a))
fb) - f(a) '
b—a

Slope of the chord =

\ 4

Figure 8.17
Slope of the tangent = f'(c)

Example 8.8:

Apply mean value theorem to find ¢ € (—1,1) when

f(x) = 5x3—3x2+9x+2, a=-1,b=1
Solution:
flx)=5x3-3x2+9%x+2 - (1)
f'(x) = 15x%2 —6x + 9 Q

f'(c) =15¢2 —6¢c+9
fl@=f(-1)= —-15
f) = f(1) =13
By mean value of theorem
fb) - f(a)

flle)y=——
13 + 15
15¢2 —6¢c+9 = 5
15¢2 —6¢c—-5=0

_3+2v21
- 15

c € (—11)
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Statement:

If two functions f and g with domain [a,b] are
continuous on [a, b] and derivable on (a, b) and if f'(x)
and g'(x) do not both vanish for the same value of
x € (a,b) then there exists at least one number

¢ € (a,b) such that
fb) = f(@) _ f'(e)
gb)—g(@) g'(c)

Proof:
Suppose that W is a fuction defined as

Y(x)=Af(x)+ Bg) -~ (1

Y(a) = ¥(b)
Af(a) + Bg(a) = Af(b) + Bg(b
A{f(b)- f(a)} = —B{g(b)- g
f-f@ _ B

gb)—g(@ A
Since f and g are continuous on |
(a,b) soalso ¥ (x).

riv

re

_1'©
g')’

EXERCISE
(1) Show that the value of f is strictly increasing for all
x € (—o0,—3) and forall x € (2, ) but strictly
decreasing forall x € (—3,—-2).

1 1
flx) = §x3+§x2 —6x+ 3
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where A and B are constants.
Substituting x = a and x = b in (1) we get
¥Y(a) = Af(a) +Bg(a)
Y(b) = Af(b) +B g(b) Q
Choose A and B such that
on

], on (a,b) and
there is at least one
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(2) Show that

. 1,
x < sinx < —gx
Verify Rolle’s theorem for the following
cosx T T
3) fx) = ~ n (=33
x2+4
4) f(x) = log . in(1,4)

(5) f(x) = sinx +cosxin (0,7m/2)
6) f(x) = e in(~1,1)
Show that Rolle’s theorem is not valid for the
following
(7) f(x) = (x — &)*?in(0,2a)
8) f(x) = x*5in(-1,1)
9) f(x) = log|secx + tanx]in (0,m)
(10) f(x) = sinxin (0,m/2)
Show that following equations has at least on
root in the given interval.
(11) 2cos2x + sinx = 0; (n/2,m/2)
(12) 9x8 4+ 10x* — 3x%2 + 8x — 6 = 0;
(13) Iff(x)= (5 —x?)log xthens
equation log x = (5 - x)/2x.i

D

(14) Find c in the law of mean if
f(x) =tan"'x,a =
that it lies in the

(15) Find cinthe me
function e*.i

(16) Whether th

(17)

(18) 1and g(x) = x?inthe interval

mine the constant c in Cauchy’s mean

eorem.

(19) If f(x) = sinx and g(x) = cosx in the interval
[—m/4, /4] determine the constant c in

Cauchy’s mean value theorem.
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