
www.mathbunch.com                                                       M. MAQSOOD ALI 

 

96 

 

 



www.mathbunch.com                                                       M. MAQSOOD ALI 

 

97 

 

                           LEIBNITZ THEOREM 

Statement: 

       If � and � are functions of a variable �, then ��� derivative of ��. �	 can be defined as 

       ��. �	�
	 �  ��
	 �   
�� ��
��	 ���	   
�� ��
��	 ���	  �   
�� ���	 ��
��	  ���
	 

where  ��. �	�
	 �  �
 ��. �	,    �
 �  
�


��
   and  
�� �  
�!

�� �  	!  !
 

Proof: 

       Suppose that !��	 represents the proposition 

��. �	�
	 

� ��
	 �   
�� ��
��	 ���	   
�� ��
��	 ���	  �   
�
�� ���	 ��
��	   ���
	  " �1	                         

  For $ � %: 

 First derivative of ��. �	          

                                                    ��. �	��	 �  � ��. �	 

                                                                    �  ���	�   ����	                    " �2	   

   On substituting � � 1 in (1), we get       

                                                   ��. �	��	 �  ���	�   ����	  

    which is same as (2) 

    !��	 is true for  � � 1. 

 For $ � ': 

      Second derivative of ��. �	 

                                       ��. �	��	 �  �� ��. �	 � � (� ��. �	) 

                                                       �  � ����	�   ����		  

                                                      �  ���	�  ���	 ���	  ���	 ���	  ����	 

                                                      �  ���	�   2���	 ���	  ����	    " �3	   
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Substituting � � 2 in (1), we get 

                       ��. �	��	 � ���	�   
�� ���	 ���	   ����	 

                                        �  ���	�   2���	 ���	  ����	  

            which is same as (3). 

For $ � +: 

       Suppose that !��	 is true for � � ,. 

        ��. �	�-	 � ��-	�   -�� ��-��	 ���	  -�� ��-��	 ���	  �   -�-�� ���	 ��-��	  ���-	  

For $ � +  %: 

         We prove that !��	 is true for � � ,  1 

��. �	�-.�	 �  �-.� ��. �	 � � (�- ��. �	)  

                 �  � (��-	�   -�� ��-��	 ���	  -�� ��-��	 ���	  �   -�-�� ���	 ��-��	  ���-	)  

                 

�  � /��-	�0  -�� �/��-��	 ���	0  -�� �/��-��	 ���	0  �   -�-�� �/���	 ��-��	0 

    �����-		  

                 

� ��-.�	�  ��-	 ���	   -�� ��-	 ���	  -�� ��-��	 ���	  -����-��	 ���	  -����-��	 ��1	 

      �   -�-�����	 ��-��	  -�-�����	��-	   ���	��-	  ���-.�	  

                 � ��-.�	�  � -�2    -��	��-	���	 � -��    -��	��-��	���	  � 

                       � -�-��    -�-	���	��-	  ���-.�	 

since      
����    
�� � 
.� ��  

Hence 

 ��. �	�-.�	 

� ��-.�	�  -.�����-.���	���	  -.�����-.���	���	  �   -.��-���	��-.���	  ���-.�	  

 !��	 is true for � � ,  1  

       Hence !��	 is true for all positive integral values of �. 
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Example 7.4: 

Find the fourth derivative of �<=>�� with respect to �, @=>�� Leibnitz theorem 

Solution: 

           ���	 � sin �                                   ,                         ���	 �  �< 

           ���	��	 � cos �                             ,                        ���	��	 �  4�1 

           ���	��	 � � sin �                         ,                        ���	��	 �  12�� 

           ��1	��	 � � cos �                        ,                        ��1	��	 �  24� 

           ��<	��	 � sin �                             ,                        ��<	��	 �  24 

           By Leibnitz theorem 

            ��. �	�<	 � ��<	�  <����1	���	  <�����	���	  <�1���	��1	   ���<	  

                             � �< sin � � 16 �1 cos � � 72 �� sin �   96 � cos �  24 sin �. 

Example 7.5: 

 Find nth derivative of �< =>� �. 

Solution: 

           ���	 � sin �                                   ,                         ���	 �  �< 

           ���	��	 � cos �                             ,                        ���	��	 �  4�1 

           ���	��	 � � sin �                         ,                        ���	��	 �  12�� 

           ��1	��	 � � cos �                        ,                        ��1	��	 �  24� 

           ��<	��	 � sin �                             ,                        ��<	��	 �  24 

          ��
	��	 � sin��  
� I
2

	 

           By Leibnitz theorem 

            ��. �	�
	 � ��
	�  
����
��	���	  
����
��	���	  
�1��
�1	��1	  
�<��
�<	��<	  

            {The fifth and higher derivative of � is zero} 
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Example 7.7: 

If J � K LM= �NM� �	, show that 

       �� J�
.�	  �2�  1	 �J�
.�	   ���   1	 J�
	 � 0 

Solution: 

      J � K cos  �NM�  �	 

      Differentiate with respect to �  

                                                 J��	 � �K 
1
�

sin �log �	 

                                              �J��	 � �K sin �log �	 

      Again differentiate with respect to �  

                                              J��	  �J��	 � �K �

R
 cos �log �	  

                                           J��	  �J��	 � � 
1
�

 �a cos �log �		 

                                           J��	  �J��	 � � 
1
�

 y 

                           ��J��	   �J��	   J � 0                         " �1	  

     By Leibnitz theorem 

��. �	�
	 � ��
	�  
����
��	���	  
����
��	���	  �   ���
	  

        ��� derivative of equation (1). 

        ���J��		�
	   ��J��		�
	   �J	�
	 � 0    

  Applying Leibnitz theorem, we get 

TJ�
.�	 ��  
�� J�
.�	 �2�	  
�� J�
	 �2	U   TJ�
.�	 �  
�� J�
	 �1	U   J�
	 � 0  

��J�
.�	  2��J�
.�	   ��� �  �	 J�
	   �J�
.�	   �J�
	   J�
	 � 0  

��J�
.�	  �2�  1	�J�
.�	�J�
.�	  ��� �  �  �  1	J�
	 � 0  

��J�
.�	  �2�  1	�J�
.�	  ��� �  �	 J�
	 � 0  
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                                                    EXERCISE  

Find the 4
th

 derivative of the following functions. 

�1	 V��	 �  �< WXR  

�2	 V��	 � sin � cos �  

�3	 V��	 �  �� � 1	Y cos �  

Find the 6
th

 derivative of the following functions. 

�4	 V��	 �  �� sin �  

�5	 V��	 �  �< W[R  

�6	 V��	 �  �� � 5	Y cos 5�  

Find the n
th

 differential coefficient of the following functions. 

�7	 V��	 �  �1 cos �  

�8	 V��	 �  �� log �  

(9) show that 

           �� J�
.�	   �2�  1	 �J�
.�	   ���   1	 J�
	 � 0 

            >� J � sin �log  �	  cos �NM��	 

(10) ]� J �  KW^R�.�, then show that 

          J�
.�	 �  2_�J�
.�	 �  2_ ��  1	J�
	 � 0   

(11) ]� J �  KW`abR.^ , then show that 

          �� J�
.�	  �2�  1	 �J�
.�	  ���   1	 J�
	 � 0 


