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LEIBNITZ THEOREM

Statement:
If f and g are functions of a variable x, then nth derivative of (f. g) can be defined as

(f.9)™W = fM g+ ¢, FO-D g ne, fF=2) () 4 ...y e £ gD 4 Fo(1)
n

d !
where (f.g)™ = D" (f.g), D" = — and ""C, = n

dx™m (n—nr)r!

Proof:

Suppose that P(n) represents the proposition

ok

= f0 g + ¢, f7D g 4 nC, f017D) g2 o 4 + fg™ - (1)
Forn = 1:
First derivative of (f. g)

g® - (2)

(f.9)® = D*(f.g) = D{D (f.9)}
=D (fWg+ fgM)
= f@g 4 O g 4 FO @) 4 fg@
= fPg+2fOg®+fg? - @3)
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Substitutingn = 2 in (1), we get
(f.9)® =fPg+7C, fO g® +fg®
= f@g 4 2f® g 4 Fg@
which is same as (3).
Forn = k:
Suppose that P(n) is true forn = k.

(f.g)® = W g 4 ke, fl=1) gy kg, F(k=2) (2) L Mgk 4 f G0
Forn=k+1:
We prove that P(n) istrueforn =k + 1 Q
(f.9*Y = D¥*' (f.g) =D (D* (f.9)
= D{f®g 4+ k¢, fk-D g kcz‘ otk KRGy fOD gD 4 £
=D (f(")g)+ ke, D(f(k—l) g (k= (2)) 4ot kG, D(f(l) g(k—l))

+D(fg™)

since
Hence
(f. g+

— f(k+1)g + k+1C1f(k+1—1)g(1) + k+1C2f(k+1—2)g(2) 4o 4 k+1Ckf(1)g(k+1—1) + fg(k+1)
P(n)istrueforn =k +1

Hence P(n) is true for all positive integral values of n.
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Example 7.4:
Find the fourth derivative of x*sinx with respect to x, using Leibnitz theorem
Solution:

f(x) =sinx ) glx) = x*

fP ) = cosx , gD () = 4x3

f@(x) = —sinx , gP(x) = 12x2

f®x) = — cosx , g®(x) = 24x

f® @) = sinx , gD (x) = 24

By Leibnitz theorem
(f.9)® = fPg +2CfPgD +90,/P @ +i¢,

= x*sinx — 16 x3 cosx — 72 x? sin
Example 7.5:
Find nth derivative of x* sin x.
Solution:
f(x) =sinx (x) = x*
F®(x) = cosx gV (x) = 4x3
v gP(x) = 12x2

g (x) = 24x

g@P(x) = 24

(f.9)® = fWg4nc, fO-DgM g ne, =2 5@ 4 ne, £=3) 53 4 ne, £n=4) 5 (4

{The fifth and higher derivative of g is zero}
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Example 7.7:

If y = a cos (log x), show that
x2y™2D 4+ 2n+ 1) xy@D + 2+ Dy™ =0
Solution:
y =acos (log x)
Differentiate with respect to x
y® = —q %sin (log x)

xy® = —a sin (log x)

Again differentiate with respect to x

y® 4+ xy@ = —q % cos (1
YO 4@ =L,
x
y(l) + xy(z) = — y

x2y@ + xy® + - (1)

By Leibnitz theorem

n-2)g@ 4.4 fgm

™ =0

x2y™+ 2 4 2n+ Dxy ™ Vxy™HD 4 (2 — n+n+ 1D)y™ =0

x2y™D 4 2n+ Dxy™D + (n2 - n) y™W =0
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EXERCISE

Find the 4™ derivative of the following functions.
(1) F(x) = x*e®

(2) F(x) = sinxcosx

(B)F(x) = (x —1)" cosx

Find the 6™ derivative of the following functions.
(4) F(x) = x%sinx

(5) F(x) = x*e™

(6) F(x) = (x —5)7 cos 5x

Find the n'" differential coefficient of the following. fu

(7) F(x) = x3cosx

(8) F(x) = x%logx
(9) show that
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