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Chapter 5

LIMITS

INDETERMINATE FORMS:
The undefined values

6 10-00100) 2; 00_00’0000’100
of a function f(x) at x = a are called indeterminate
forms.

LIMIT OF THE FUNCTION

Definition 1:

A real number
f(x) gets closer and closer to
is written as

lllII

is the limit of a function f at “a”, if
“I” as x approaches “a”. It

Limf(x) =1
xX—a
Explanation:

%Lrgf(x) = x]_‘_i>£ln_ f(x) = ij)g.lFf(x) =1 -‘—-{-—-H———O-TQ———G———O——-)—D-
Figure 5.1 Ak \x:_/ a \i,)/ are

where a”and a? lie in the deleted neighborho

“a” on a real number line in left and right

respectively. Thus,at = a=a".
Definition 2:

A real number

Figure 5.1

lll”

is the limit of a fun

If for every real number > (0 there
coressponding real number § >0
[x —a|] < § l] ‘e
Value and Limit of the Fu
Difference between va unction and limit
of the function can be under the following

function

x*—9

f&x) =

x — 3
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Value of the function at 3:
Substitutex = 3

g5y = 3709

f@3) = 33
= — (undefined)

Explanation:
Simplify the function

x: -9

o) = ——
(x +3)(x —3)
(x = 3)

#x+3)1) for x =3
becausefor x = 3
x—-3 3-3
x—3 3-3
0
= 6 #= 1
Limit of the function at 3:
L L x2 — 9
xl—>r131f(x) o xl—g} X — 3
iy (x + 3)(x — 3) )
_xl—gl X — 3 ){-

= Lim (x +3)(1)
=6

Explanation:

X >3 =

exactly equal to 3. So x i
greater than 3 (x > 3).
If x = 3.00...01 > 3, then

x —3 300..01 =3 Figure 5.2
x —3 3.00..01 —3

_0.00 ...01

"~ 0.00 ...01

=1 % 0

B 0
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LEFT AND RIGHT HAND LIMITS
Left Hand Limit:
Left hand limit of a function f is “I” at “a” and written as
Lim f(x) =1
x—a
a” means, it is not equal to negative a (—a) but
it is just on left side of “a” in the neighborhood of “a”. It
can be defined as
a” €E(a—¢a)
or a—s< a <a

where (a — ¢,a + ¢) is the neighbourhood of “a”.
Right Hand Limit:

Right hand limit of a function is “I” at “a” written as -« o }—»
Lim f(x) =1 a-¢ l a [ a+e
x—at

a* means, it is not equal to positive a (+a) but

it is just on right side of “a” in the neighborhood of a. It (a'nes in tms) (a*lies in this)

can be defined as interval Interval

at € (a,a+ ¢

or a<at< a+e

On a number line Figure 5.4
figure 5.4.
Limit of the Function:

Limit of the function at “a” ( Lim f(x)) exist only
xX—a

when the left and right hand limits are equal.
Lim f(x) = Lim f(x)
x—a~ x—at

So that, if
Lim f(x) =1 = Lim f(x
x—a~ x—-at
then
Lim f (x) = | k.
Example 5.2 : Discuss the limit ofithe function 20T

o= (37

(1) at5s (2) at6
Solution: . _ 5
M Lim () = Lim(@x +5) = 15 §

: _ X a - Hs—t—t
Lim £ = Lim 2x = 10 /;’ s

> X

Left hand limit # Right hand limit
So the limit of f(x) does not exist at 5. =
Figure 5.5

0+

Figure 5.5
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(2) Lim f(x) = Lim 2x = 12
) xX—6~ ) xX—>6~
HRS00 = i 2x =12
Left hand limit = Right hand limit = 2
Lin61f(x) =12
X—

Figure 5.5
Example 5.3:
Discuss the limit of Greatest integer function at 2.
Solution:

fx) = [x]

Greatest integer function is defined as
f(x)=|x]=afor a<x<a+1 a€Z and x ER
so that
f(x)=|x]=0 for 0<x<1 or x€[0, 1)
=1 for 1<x<2 or x€][l, 2)
=2 for 2<x<3 or x€][2 3)
=3 for 3<x<4 or x€][3 4

Left hand limit at 2: A

Lirzn fx) = Lirzn [x] =1 y
X—2" X—2~ A
{because2™ >1and2"<2=27€]1, 2) =
f@27) =1} 3+
Right hand limit at 2:
RS0 = i el =2

{because 2t > 2but2t <3 =2t €[2, 3)=> 27 SEE—
fQ27) =2} '
Limit at 2: 2

Lim f(x) # Lim [x]

x—>2~ x—-2%

Figure 5.6
> X

Hence Lim f(x) does not exist. } } :
x—2 0 1 2 253

Figure 5.6

Example 5.4:
Discuss the Limit of Greatest inte
Solution: Left hand limi

ction at 2.5.

Lim_f(x) =

X—4. X

{because 2.57 < 2.5 but 2.5 > €2 3) =
f(2.57) =2]}

Right hand limit at 2.5:
Lim, £0O = Lim, L] =2
{since 2.5% > 2.5but2.5* <3 =257 €[2, 3)
= f(2.5%) =2}
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Limit at 2.5:
Lim £00 = Lim, £00 =2
Figure 5.6
Hence
Lim 100 =2
Example 5.5:
Find the limit of modulus function at zero, figure 5.7. y
Solution: &
Modulus function is defined as
—X for x <0
f(x)=1|x| =40 for x=0
+x for x>0
Left hand limit at zero: \
Lim f(x) = Lim |x| = Lim (—x) 0 -
x—0" x—0" x—0~
{because 0~ < 0= |x| = —x}
Right hand limit at zero: Figure 5.7

Lim f(x) = Lim |x| = Lim (+x) = 0
{because 0 > 0 = |x| = +x}

Limit at zero
RS0 = Hn 0 =0

Hence

Lim f(x) =0

x—0
Example 5.6:
Find the limit of modulus function at 2, figure

G0 = 1| )

Left hand limit at 2:

Lim f(x) = Lim (+x) =2
X—2~ xX—2
{because 2™ > 0 = |x| =

. . Figure 5.8
Right hand limit at 2:

{because 2* > 0= |x| =
Limit at 2:

Lim f(x) = Lim f(x) =2
x—2~ x—-2%
Hence
Lim f(x) =2
x—2
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DE L’ HOPITAL RULE
Theorem:
f(x) and g(x) are two functions if the derivatives of
both functions exists and f(a) = 0 = g(a) then

lim @ = lim [

x>ag(x)  x-ag'(x)

Proof:
_ f(x) .. flat+h)
mee  Mgarn W
By Lagrange’s mean value theorem
f@a+h)= f(aA)+ hf'(a+ 6h), 0 <O6<1
Hence equation (1) can be written as
i fO) L (f@) +hf'(a+61h))
x-ag(x) x-a(g(a)+hg' (a+6,h)
where0<0; <1land0<6, <1
@ hfat i
x~ag(x) h-0hg'(a+6;h)
fx)  f'(a)
im—= =
xag(x) g'(a)
In general if the nth derivative of the function exists and

f@ = f@ = f@ = .= f@D (@) =0
9@ = g@ = g'@ == g" V(@)=
then
LG DY AC))
im—==1

wag(x)  xagn(x)
Example 5.7 :
Evaluate the following limit
sec?x — 2tanx

lim -
x-m/4 sin
Figure 5.

Solution: B
li 0
x—>1nr?4 (O
. sec?x
- x—1>rnr}4 4coshx
=—=
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1
= lim [ ]

= lim
x-m/2 2CO0SX

=0
y=e’=1
EXERCISE 5
De | “ Hopital rule is applicable if
fx) 0

lim——=—
xoag(x) 0
Show that this rule is applicable for the following.
X (0.0]
(1) lim& = —,
xsag(x) o

(2) lim[f(x).g(x)] = 0 x oo

(3) Hmlf () = g(x) = o0 — o
(4) lim[f(x)9®] = 0°
(5) Hm[f)]9® = 1%

x—a

(6) lim[f(x)g™ = oo

x—a

Evaluate:

1
(7) chi_r)lg(x—z — cosec?x) ’
(8) lim (2 — 2ytn )
xX—2 2

(9) lim

x-0
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