www.mathbunch.com M. MAQSOOD ALI

CALCULUS

WITH APPLICATIONS




www.mathbunch.com M. MAQSOOD ALI

Chapter 4

FUNCTIONS

Machine is acting a very important role in our life.
The work of machine is that we input any object into the
machine. The machine proceeds this object according to
the nature of the machine. The output which we get has
a change according to the type of machine. For example,
The washing machine washes the cloth.

The sewing machine sews the cloth.
The knitting machine knits different design on the
machine.

In above examples, the input are same that is cloth
but the output are different. The output depends o
type of the machine.

A function is a fictitious machine that p
unique output number for a given input nu
the input and f is the function then ou
denoted byf(x). Following are the exam

f(x) =5x + 3,Vx € R,i

f(x) = 2x*+ 3x+ 1,V x

f(x) = x3,Vvx € R,isa

Firstly we discuss abou

Any subset of th
called a ion.
Example: | 1,3,5}and B={2, 4, 6} Then the
re relation between A and B.

(D) ,6)}
(2) {G ), (3,4),(5,6)}
(4 {(1,2),(3,4),(56)}

(5) {(1,6),(3,4),(5,2),(5,4),(5,6)}

In above examples we see that an element of A may
be related with more than one element of B.

The points can be plotted on a graph paper.
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MAPPING

Mapping illustrates a relation geometrically by
marking points on two sets A and B and drawing arrows
from the elements of set A to the elements of set B, as
shown in the figures.

1 2 3 4 5
f
—
-3 -2 -1 0 1 2

= \

2 -1 0 1 2
A4 1 | | 1 1 » .
Figure 4.3
: \Y_
B <& . . . . > A -l e
8 10 12 13
Figure 4.2 2
3
8
5 6
In the figures 4.1, 4.2, 4.3, 4.4 and 4.5, set 7
mapped into set B. It illuminates .
() Two or more arrows may beg Figure 4.4
element of A, may end at the different e
A J B
(1) The arrows begin at the rent elements of A, ’
may end at the same e L {1 ——> ¢
(1) It is not necessary tha ents of A should 12 >80
map into the set B. P —

Figure 4.5
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FUNCTIONS
Definition 1:
A function of assign to each element x of set A an
element f(x) of another set B.

fitA->B ,Vx €A, f(x) EB

Examples 4.1:

f
(1) fisafunction A into B. A . B
Figure 4.6 S 5
2 > 16
5 > 40

Figure 4.6
(2) fisafunction A into B.

Figure 4.7 f

A S B

(3) fisnota function A into B. Figure 4.7
Figure 4.8
A f B
f is not a function A into B, bec n 1 > 6
assign to 5 of set A an element of set B. It i ing 5 % %
only. -
y 5
9
Figure 4.8

(4) fisafunction A into B.
Figure 4.9

PO
B i T e S
6 8 10 11 12

Figure 4.9
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DOMAIN AND RANGE (natural nummbers)
A function, A into B can be written as N g 1 2 3 4 IR
wherex € Aandy € £:T:IC6|78|:L)J]€ of the function fJ’

atx € Aisdenotedas}](x) =y R-‘-Iz l1 (IJ 1| 2l :|3>

Set A is called domain of f and y € B is the image
of x under the function. The set of corresponding values
y € B ofx € Ais called range of the function.

Example 4.3:
If A={1,23}andB = {1,2,3,4,5,6,7,8,9,10}
f is a function Ainto B defined as
f:xp x?
find the domain and range of f.
Solution:

(real number line)
Figure 4.15

fl) = x?
= fM=1 f@& =4 [fB =9
Domainof f = {1,2,3)
Range of f = {1,4,9}
Example 4.4:
Afunction f: N — R isdefined as
fixwo 2

find the domain and range of f, figure 4.15.
Solution:
Since flx) =2
Domainof f = N
Range of f = {2}

We find the domain of the following fu
(1) f(x)=vx—1 , fisrea
Vvx — 1isareal number ,

x=1=>0 %
> x=1
Domainoffisx =1, xis ber.

(2) f(x) = vx2 -1 , fisa
Vx2 — 1isareal number, if
x?>-1>0
> x?>1
= x < —landx = 1,isthe domain of f.

al valued function.
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0 _ x*+ 3
) = —
f(x)existifx-1 #0 = x#1
Domainof f = R — {1}
x4+ 2x+1
@ f) = —F——
f(X)existifx2-1#0=>x2#1>x++1
domainof f = R — {-1,1}
@ fo) = 5
16 = x? + 1
f(x)existifx?+1#0=>x2#-1=2x#+v/-1 ¢ R
~ domain of f = R.

ONE TO ONE FUNCTIONS
A function f : A — B is said to be one to one if (q)
X1 # X, impliesthat f(x1) # f(x,) such that s
X1, Xz €Aand f(x1), f(x;) €B. A f B
Examples 4.5:
(a) Functions from (1) to (6) are one to one functions. > 2
(3) > 4
2 1 0 1 2
A - L P >
f
Figure 4.16
B g ‘ . " . . — (
-8 -6 -3 0 3 6 8
Figure 4.18 f
(4) fA={1,2,4}and B={1, 10, 20} A pr B
and f = {(1,1),(2,10), (4,20)}
(5) f(x) = 5x,Vx €ER 21 > +10
6) f(x) = x>+ 3x, Vx €ER +20
(b) Following functions are not one function / 1
1) ) = I 4 -
(2) f(x) = 6 (orany con“n o, © i
A s B Figure 4.17

Figure 4.19
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ONTO FUNCTIONS A B
A function f: A » B is said to be onto if for every y L2
y € B thereissome x € Bsuch thaty = f(x). 2 !\
Example 4.6: 3 >3
(a) Functions (1) and (2) are onto functions.
(1) Figure 4.20
Because each element of B is the image of some Figure 4.20

element of A, under f.

(2)

-1 0 1

A - : ' ! P

f

B & . . T - P

Figurtze 4.21 R A e B

Because each element of B is the image of an element of
A, under f. 1 \ !> 2
(b) Following functions are not onto functions. > 4
(1) Figure 4.22 ‘ 3 > 6
Because 8 € B is not the image of any element of A under 8

f.
2 Figure 4.22
(A) <z 1 L 1 1 . J

1 2 3 4

B - T T T
0 5 10 15 20 ’
Figure 4.23

e

Because 0 and 20 are not the im
under f.
(3) IfA={2,4,6,8}andB =
two sets and f is a function A int

fix » 5x ,
Since f(x)=5x , x €A

f any element of A

9
, 50, 60} are
ined by

f(2) =10,f(4) = 20,f(6) = 30and f (8) = 40
As 0 and 60 are not the image of any element of A, so f
is not a onto function.
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EVEN FUNCTIONS
A function f is said to be even function, if
f(=x) = f(x).
Example 4.7:
f(x) = 3x* + 2x? is an even function, because
f(=x) =3(=)* + 2(—x)?
= 3x* + 2x?
= f(x)
Figure 4.24
ODD FUNCTIONS

A function f is said to be odd function, if
f(=x) = —f(0).
Example 4.8: f(x) = 3x3 + 2x s an odd function,
because
f(=x) = 3(=x)° +2(-x)
= —3x3 —2x
=—f(x)
Figure 4.25

COMBNATIONS OF FUNCTIONS

Functions may be combined algebraically to form
a new function. Sum Difference, Product and Quotient of
two functions f and g are defined as

(1) Sum: f+9x =fx) +9Xx)
(2) Difference: f -9 = f(x) — glx
(3) Product: (f.9)x) = f(x).g(x

T T
(4) Quotient: (E)(x) T
Example 4.9: If f(x) = x3 and g(x) = x

O F + 9 (i) (f - 9)(x)
(i) (fg)(x)

Solution: ‘
® 0+ 9 =
= x
D) f -9 = f(x x)
=x3 —x-1
(D) -9 = f(x).g(x)
=x3(x + 1)
. f _ f()
(iv) (5@ =65
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= (x2 + 2) + 1 , substituting g(x) = x? + 2
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= x%2 + 3

Example 4.11:
Find (hogof)(x), if
f=x% gx)=x+1, hkx) =+Vx
Solution:
(hogof)(x) = h[(gof)(x)]

= h[g(f(x))]
= h[f(x) + 1], substitutingx = f(x) into g(x)
= h(x? + 1) , substituting f(x) = x>

= + x2 + 1, substitutingx = x2 + 1into h(x)

Note:
(1) fog # gof {see example 1}

So functions composition is not commutative.
(2)  folgoh) = (fo8)oh

So functions composition is associative.
Example 4.12:

Express h(x) = v x? + 3 asa com ion

functions.

Solution:
Method 1:
To evaluate h(x), first th

(Gof)(x)

x2+3= Ju=g@w = glfx)]
= (gofH(X)
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GRAPHS OF FUNCTIONS

You are watching a cricket match on the television.
You will have been observed that a graph is shown on the

T.V. during the match as shown below.
runs

A
250- teab A
teab B
200-
150-
100-
50—

T T T T T 1 T 1 T T = overs
5 10 15 20 25 30 35 40 45 50
Figure 4.29

By putting a glance on the graph you understand all the
situation of the match that which team played well in
particular intervals.

The graph is a way to understand the nature of the
function or data in a glance.

function more than once.
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VERTICAL LINE TEST
A vertical line cannot intersect the graph of th

y y
A A
13
dl/.; ) ‘4|/\ .
Not a graph of a function graph of a function
Figure 4.30

N
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