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TAYLOR'S SERIES

(1) If f(x,y) € C™ then

n—1 i
fen =y le-ogz+o-n7) @bk,
=0 AUTHOR
n-1 M. MAQSOOD A
fGy)= % 3D f(ab)+Ry ASSISTANT PROFESSOR 0
i=0

; ] R
where D‘—{(x—a)a+(y—b)£}
and Rn=$D"f(a+0(x—a),b+0(y—b))

(2) If |[x —a| < |h|and |y — b| < |k|, f(x,y) € C™ then

n—1 ;
fa+hb+i)= 5 2(hZ+k2) flab)+R,
i=0

REE DOWNLOAD

when R,, =ni(h:—x+k%) fla+6h,b+6k).,

0 1 ALL BOOKS AND CD ON
) MATHEMATICS
MACLAURIN’S SERIES o
fa=b=0 M. MAQSOOD ALI
FROM WEBSITE

n—1 1( @ P www.mathbunch.com
fan =Y sl 0) + Ry

i=0

n—1 L

= ¥ =D'f(0,0)+R,
i=0

where R, = =D" f(8x,6y) , 0<6 <1
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Proof Taylor’s Series:

Let f be a real valued function and let f € C"*1
f:D->R , DcR?

Suppose that

x=a+htand y=>b + kt

z=f(x,y) =f(a+ ht,b+ kt) = d(t)
dz D 0z dx 0z dy
= eVO = — - —

= @*(t) = D*z andsoon.

Since @(t) = f(a+ ht,b + kt)
Hence
®(0) = f(a,b)
¢ (0) = Df(a,b)
»@(0) = D?f(a,b) , andsoon.
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@ is a function of of one variable t and ¢ € C™*1,
According to the Maclaurin’s series for one variable,
0<o<1

t t2
() = 9(0) + ;0D (0) + 5 0@ (0) + -+ Ry
' t t?
f(a+ht,b+kt) = f(a,b) + 1 Df(ab) + ED(Z)f(a, b)
1! !
ot FD<">f(a + Oht, b + Okt)
Fort =1 '

f(a+h,b+k)=f(ab)+Df(ab)+ %D(Z)f(a, b)

+ 4 —D"f(a+ 6h,b + Ok)

= b ha ka b
_f(a')-l_(a_-l_ @)f(a:)

X

! ha +ka 2 b
a\"ax ey f(a,b) + -

1 1
et D (a+ Ohb + b+ 6k)

Buth=x—aandk = b

1
where R, = ED”f(a +6(x—a),b+6(y—b))
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Proof Maclaurin’s Series:

Fora=b=0
1
fCx,y) = £(0,0) + Df(0,0) + 5 D2f(0,0) + -+ Ry
1 90
where R, = ED”f(Bx,Gy) and D = xa“’@
Example-1:
Expand cos(x + y)

(i) in powers of x and y

s . n n
(i) in powers of (x — 5) and (y =)

Solution:
f(x,y) = cos(x +y)
n an an n+1
FrACHY Wf(x' y) 0xnayf(x,Y)
1| —sin(x+y) —sin (x +y) —cos (x +y)
2| —cos(x+y) | —cos(x+y) sin (x +
3 |sin(x+y) sin (x +y)
nl 2 o0 9" 0,0
e/ (00) Wf( ,0)
1 0 0
2 -1
3 0

w
él' )

an+1 an+1
axnayf dxdy™
1 1
V2 V2
1 1
V2 V2
1 1 1
V2 2 2
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(i) f=1(0,0) and f(0,0) =1
d d
bf = (x5 +v5;)/©0)

0 0
=Xaf(0,0)+yEf(0,0) =0

d d 1\
D2f=(Xa +YE) f(0,0)

02 02 02
_ .2 2
=X £(0,0) + 2xy 3x3y £(0,0) +y 377 £(0,0)

—x? — 2xy — y?
—(x +y)?

d a\°
D3f=(xa +y@) f(0,00=0

(x+y)2+( )

cos(x+y)=1-

Taylor’s series Q
f(x,y) = f(0,0) + Df(0,0) +%D2f(0,0) + lD3 %

@f=£(7)
- |
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Taylor’s series
=1 G 01 G2+ 30 G
+§D3f(§,z) F o
== gigll-5) 0-3)
DDy

R T . KA

3! 250Dy
Example-2:
Expand e*¥ in power of x and y.
Solution:
fx,y) =e*
an an
s @y 3y

[UnN

ye™”
yzexy
y36xy

N

n+1 an+2

Seayr V)

(xy + De*™ (2
(x%y + 2x)e™ (4xy + x%
(x3y + 3x2)e™

Y+ xy?) e
4xy + x2y? 4+ 2) eV
(6x%y + x3y? + 6x) ™Y

n 071 n+1
—1(0,0) Wf(o'o)
1 0 1=1!
3 e 0 0
0 0
n+1 n+2 n+2
dxdy £(0,0) Wf(o,o) 0x2—aynf(0'0)
1=1! 0 0
0 2 =2 2 =2
0 0 0
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Since

a" 0 when n #2m
amxan-myf(o'o) - { ! when n=2m

Using Taylor’s series
n-1
1 .
H (xy)l + Rn
i=0

Exercise C-8
(1) Expand,sin(x — y) in powers of
(i) xandy

(ii) (x - _) and (y — —) Q
(2) Expand e“**cosby in powers of
() xandy Q

1 1

(i) (x - E) and (y — E)
(3) Expand sinx cosy in powers of
(i) xandy

(ii) xand (y - —)

(111) X — — and (y— —)
(iv) x —— and y
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MAXIMA AND MINIMA

CRITICAL POINT:
(@ A point(x, yo) in the domain of &(x, y) is a critical
point of f if
() fr(xo0, Yo) = fy(x0, Yo) = 0
(ii) fx or £, does not exist dtx,, Vo).
(b) If(xo, yo) is a critical value fof, it is not the case
that f(x, yo) must be either a relative maximum or a relative
minimum. While the point (g y,) in the domain of fwhere
the function has a relative maximum or relative minimum,
must be a critical point.
RELATIVE MAXIMUM, RELATIVE MINIMUM AND SADDLE POIN
A function of two variable= f(x,y) has a

relative maximum at the point (g, yo, zo) if the su
z = f (x,y) has a peak dtx,, yo, zo)
e f(x,y) <f (%, yo) for all values ofx and
neighbourhood ofx,, y,).

Similarly, the function has a relati
(%0, Vo, 2p) If the surfacez = f(x,y) h
(.X,'O, Yo, ZO) i'e f(X,y) > f(xO' Y.

Functiorz = f(x,y) has a sadd
is a relative minimum in o '
maximum in another di CB neither relative
maximum nor relative , Zp)- At saddle
point, the partial deri are both zero, but do not
change sign.

DERIVATIVE TEST:
To ima, relative minima and saddle
point for
() fees fyy and £,
(i) eously,=0 andf, =0, to obtain all pair

ical points) gx yo) such that

fx(x0, ¥0) =0 and E(xo’ Yo) =0
(iv) EvaluateA(x,y) = fix f,y — fi5- Then

(@) If A(xoyo) > 0 and £, (xo, ¥o) > 0, the function has a
relative maximum afx,, v,, zo).

(b) If A(xo, yo) > 0andfy,(xo, ¥o) > 0o0r f,,(x0, ¥o) >0,
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the function has a relative minimum(at,, yo, o).
(c) If A(xy, yo) < 0, the function has a saddle point at

(X0, Yo, Zo)-
(d) Testfails ifA (xq, yo) =0

ABSOLUTE MAXIMUM OR MINIMUM:

() A functionf(x,y) has an absolute maximurmat a point
(%0, Vo) In the domain of f if

(& yo) =f(X, y)

for all (x,y) in the domain of f
(ii) A function f(x,y) has an absolute minimumnat a point
(%0, Vo) In the domain of f if

f( y0) = f(x,y)
for all (x,y) in the domain of f
Example:
Find all critical points for the function.
fr,y) =x*+ y® - 3xy
Use derivative test to determine whether e
maximum, minimum or a saddle point
Solution:
fl,y) =%+

The first and second partial d are

fx = 3x? — 3y ) X
frx = 6x '
fxy = -3

For critical points

A(0,0)= -9<0
~The function has a saddle point (0, 0).
AL, 1)=27>0£,(1,1)=6> 0, £,(1,1) =6 > 0
=~ The function has a relative minimum at (1, 1).
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EXERCISE C-9

Find relative maxima, relative minima and saddle point for

the following function.

D fy) =xy(x+y-1) —x?

(2) f(x,y) = 4xy — 2x’y — xy®

(3) f(x,y) = cosxy + sinxy

(4) The surface area of a rectangular box is 96 square units
maximize the volume of the box.

(5) A rectangular box without a top is to have surface area
12 square meters. What are the dimensions of the box if it is
to have maximum volume.

(6) The volume of a cylinder is 256 cubic feet, find the
minimum area and dimensions of the cylinders.
) 4

EULER'S THEORE
HOMOGENEOUS FUNCTION:
(@) A functionf(x,y) is called homogenec 0
degreen if it can be written in the for y/
(b) A function f(x, y)s said to be ho e of degree
if

f(Ax, dy) =W (x,
whereA is a positive real number.
Example 1:

Show that fx,y) = x4+ y
homogeneous of degr
Solution:
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EULER’S THEOREM:
If f(x,y) is a homogeneous function of degre¢hen

o of _
xax yay_ nf(x'y)

Proof:
f (x,y)is a homogeneous function of degrgeso

fGoy) =%f(y/x)

af_ n-1 n d 9
FlLE: f/x) +x E fQ/x) Ix /%)

X
of — n— _ N '
T — namt fo /)~ 2772y f /) Q

af n n-1 ’
X oo =X f/x)—x""yf (y/x
of _ w1 p
y 3y x"y f(y/x) i

Adding equations (i) and (ii)

Solution:

x* +
u=tan ! xz‘;z
x*+ y*
tanu = ———
y
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x*+ y*

x2 - y2
Hence tan u is also a homogeneous function of degree 2.
According to Euler’s theorem.

is a homogeneous function of degree 2.

0
xatanu +y@tanu = 2 tanu

ou u
x sec’u — + y sec’u — = 2 tanu
0x dy
ou ou

xa +y@ = sin2u

Example:

Verify Euler's theorem fou = cos™(y/x)
Solution:

u = cos~(y/x) is a homogeneous functig

6u+ ou d 1 N d
X 57 yay_xaxcos /x)+y

-1

gving functions are homogeneous or
eous then find its degree.

I
2.
S

(2) fx,y)
(3) f(x,y) = xyyx® + y?
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(x? + y?) sinx

@@y =
(2 = yHcos™ (v/2)
) f@xy) = pE—

Verify Euler’s theorem for the following Ex: 6-9
(6) f(x,y) = cos™*(y/x) + cot™ (y/x)

(7) f(x,y) = (x*+y?) (logy - log X)

(8) f(x,y)=e"*tan™" (y/x)

9 floy) = (™ +y")sin(y/x)

X2 2
(10) If f(x,y) =u = sin™t then show that

8u+ au_t
xax yay—anu
4+

(11) Ifu = log >, prove that

+

ou ou

xax yay

+
(12) If u=sin"? y y >
Xy —
6u+
* ox ya

(13) If u=log (x? X =) , prove that

x 1
(14) If tan‘1< +;/) , prove that
ou ou )
% y Ev sin2u
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