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DIFFERENTIATION

A function z = f(x,y) is said to be differentiable at (x, y) if
there exist a relation of the form.
f=(@+Ax,y+Ay) — f(x,y) = AAx + BAy + &, Ax + &,Ay
or
Az = AAx + BAy + g1 Ax + &,Ay

where A and B are the function of x and y and &; and &, are the
functions of Ax and Ay such that

lim &, =0 and lim &, =0

Ax—0 Ax—0

Ay—0 Ay—0

Difference Between Differentiation And Derivative:
Differentiability and derivability are two different

operations. To understand the difference between these t

operations consider a function of two variables z = f(x,y

. . . . 0z
“In forming partial derivative Ep and

and Ay in x and y are consider separately”.
For example, if we want to find the d
respect to x then y must be constant.
0z y f(x + Ax,

— = lim
0x Ax—0
The derivative of f with respect to

and Ay inxandy
flx+Ax,y + Ay) —
Examples 1:

= x2+xy +y?
and also show that A = Eand B = oz
ox ay

Solution:
fy) =x*+xy+y?
flx+Ax,y +Ay) = f(x,y)
={(x+Ax)*> + (x + Ax)(y + Ay) + (y + Ay)?}
—(x* +xy +y?)
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= x2 + 2xAx + (Ax)? + xy + xAy + yAx + Ax Ay + y?
+2yAy + (Ay)? — x? — xy — y?

= 2xAx + y Ax + xAy + 2yAy + (Ax)? + Ax. Ay + Ay?

= (2x + y)Ax + (x + 2y)Ay + (Ax + Ay)Ax + Ay. Ay

=& =Ax+Ay and & = Ay
d A=2x+ _oz B=x+2 _oz
an =2xty=-—, =x y_c')y

THEOREM C -3:
A differentiable function is also derivable

orif z = f(x,y) is differentiable then A = g—; and B = g—;.
Proof:
Let z = f(x,y) is a differentiable function.
Az = AAx + BAy + g1 Ax + ,Ay - (1)
we have to prove that f is derivable.
z = f(x,y) is derivable mean partial derivatives
0z q dz X
720 3y exist.

First suppose that there is no change in
According to equation (1)
Az = AAx +
A+ g =Az/Ax

& —~>0asAx -0
Lim Az

=Ax—>0 E

Similarly,
_ flx,y+Ay)—f(x,y) 0z
T Ay -0 Ay " dy
He
Exam
(3) the following function is derivable but not
ntiable at (0,0).
px® + qy°
floy) = Tty (x,y) #(0,0) ,f(0,00 =0
Solution:

Lim f(Ax,0) — f(0,0)
Ax - 0 Ax - P

£(0,0) =
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Lim -
fog = i [0 =100
y—0 Ay
Partial derivative of f exist, so f is derivable.
Differentiability:
f(Ax,Ay) — f(0,0) = AAx + BAy + &,Ax + &,Ay

pAx? + qAy?
W = pAx + qAy + g1Ax + g,Ay
taking Ay = mAx
p +qm’
“_—m=p+qm+elz+ezm
+qm
T R L
1+m
d R.H.S + * p+am’
.H.S - _
an pam 1+m
Hence f(x,y) is not differentiable at (0,0).
Example 3:
Whether the following function f is differenti
(0,0).
fG,y) =/Ixyl
Solution:
A= £.(0,0) =
B =£,00)=,

Partial derivatives of f
Differentiability at (0,0

1Ax + g,Ay
0+ g Ax + Ay

x| = &1Ax + &,(m Ax)
Im| = &, + me,
R.H.S

ButL.H.S —» /|m| # 0
Therefore f(x,y) is not differentiable at (0,0).
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Example-4:
Discuss the differentiability of f at (0,0)
fOoy) = Ix[ + 1yl

Solution:
Lim f(Ax,0) — f£(0,0)
fx(0,0) =
Ax -0 Ax
_ Lim |Ax| B
T Ax-> 0 Ax
b Lim |Ax| _ Lim —-Ax L
{because Ax - 0~ Ax Ax >0~ Ax
Lim |Ax| Lim Ax
a _ _

Hence f(x,y) is not differentiable at (0,0).

= —=1
n Ax - 0t Ax Ax - 0t Ax }
Similarly £,(0,0) = +1.
Partial derivatives of f do not exist at (0,0).

Theorem C-4:
If f(x,y) is differentiable at (a, b) it is continuc
Taking an example show that converse is not true.
Proof:
Since f(x,y) is differentiable at (q
f(x+ Ax,y + Ay) — f(a,b) = AAx + BA
&A Ay

& >0, >0 as Ax-— 0,
Since f(x,y) is differen ial derivatives of f
exist and do not , therefore

AlAx = Ax - 0

Oas Ay =0
f(a,b) =0

(Ax, Ay) = (0,0) f(x+Ax,y + Ay) = f(a,b)

Hence f(x,y) is continuous at (a, b).
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Converse:

fy) = —=
X,y = ——
JxZ +y?
is continuous at (0,0) but not differentiable there.
Exercise C-5
Show that the following functions are derivable but not
differentiable at (0,0).
Xy
—— for (x,y) # (0,0)
D flx,y) = {\/xz +y2
0 for (x,y) = (0,0)
ax? + by?
_ for x,y) # (0,0
(Z)f(x,y)={ Ty x.y)# (00)
0 for (x,y) = (0,0)

(3) Show that the following function is differentiable at (0,0)

x°—2y° f (x,y) # (0,0
fy) =75y or X,y (0,0)
0 for (x,y) = (0,0)
AYUTIEHOR
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DIFFERENTIAL

If z = f(x,y) be a function of two variables then dz is
called differential such that

0z 0z
dz = a—dx + a—dy
In general, if z = f(x1,x3,+*+, x,,) then
0z 0z 0z
dz = a_xldxl + axz dxz + e +den

An application of differential:

An important application of the differential is th
assessment of the impact that an error in measurement ma
have on the computed value of a function.
Example 1:

The length x of a rectangle is measured to be
with a possible error of 0.5 inch and the width
to be 40 inches with a possible error of 0.15.i
the largest error in the computed area o

Solution:
Since x = 100, y = 40, dx
The area function is

= 40 (0.5) +(100)(0.15)
5 square inchs.
Exampl
Using
Solution:
V67v10 V31 =V64+3 Vo +1 V32— 1
=Vx+dx Jy+dy Vz+dz - (i)
x=64,dx=3;y=9dy=1,z=32,dz=-1

rential estimate V67 V10 V31
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Consider a function f
f(x’YIZ)=§/;\/; %=x1/3y1/2Z1/5 _>(ii)
of y1/221/5 91/2321/5 1

dax  3x2/3  3(64)23 8

of x1/3,1/5 ~ (64)1/3(32)1/5 4
dy 297 20972 3
of x1/3y1/2 (64)1/3(9)1/2 3
9z 5245 5325 20
The differential df is
of . of  Of

df = adx + Edy +Edz

i@ @) 4= (1)
i 3 20
3 4 3 187
T8 3 20 120

Since
f(x,y,z)=§/§\/; i/z =W\/§ i/3_=
Hence
V67 VIO V3T = f +df = 24+ o
_306
~ 120
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Exercise C-6
Use differential to estimate the following:
(1) ¥Y9.3/30
(2) V80.V62.v5
(3) In(3.13 +7.22 - 0.8%

Use differential to estimate maximum error that can arise
from calculating.
(4) f(x,y) = xy® —8x%y?

ifx=14+001 and y=8+0.2

(5) f(x,y) = 3x%y — 5xy
ifx=14+001 and y=8%0.2

(6) Radius of a circular cone is increased by 0.5% an
height is decreased by 0.1% find the percentage cha
the volume.

(7) A quantity z is to be calculated from th
z = (x—y)/(x +y), assuming that x

(8) Suppose that the height
changes from 10 to 10.
estimate the change in
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DIFFERENTIATION AND DIFFERENTIAL

Geometric significance of Az and dz:

z = f(x,y) is a function of the surface and g(x, y) is the
function of the tangent plane on the surface at the point
(a,b, f(a,b)),as shown in the figure. The values of f and g
are same at (a, b) thatis f(a,b) = g(a, b).

(a,b) and (a + Ax, b + Ay) are two points on the xy-plane
and Ax and Ay are two small real numbers, so that
(a,b,f(a, b)) and (a + Ax,b + Ay, f(a + Ax, b + Ay)) are
two points on the surface f(x, y).

Az is the difference between two values

f(a+ Ax,b + Ay) and f(a, b) on the
surface f(x,y).

Az = f(a+ Ax,b+Ay)—f(a,b) - (1)
It can be written as

(a+Ax, b+ay)

Az = Ax.fi(a,b) + Ay. f,(a,b) + Ax.&; + Ax. &, = (2)
&, — 0 as Ax,Ay >0

According to equation (1) and equation (2)
Az = f(a+ Ax,b+ Ay) — f(a,b)
= Ax. fy(a,b) + Ay. f,(a,b) + Ax.&; + Ax. &
Differential dz is the difference between two v
gla+ Ax,b + Ay) and g(a, b) where (a, b, g,
(a+ Ax,b + Ay,g(a + Ax, b + Ay)) are
the tangent plane.
dz = g(a+ Ax,b + Ay) — g(a, b)

It can be written as

dz = Ax. f,(a,b) + Ay. f, - (4)
According to equations (3

Figure 0:1_8

dz = g(a+ Ax,b + Ay)
= Ax. fy(a,b) + Ay.f,

~

So Az is approximately equal to differential
dz (i.e Az = dz).The accuracy of this approximation
increases as Ax and Ay become smaller.
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Example:
The function f of a surface is defined by
z=f,y)=9-y9—(x-1? - (y—2)?
Ifx+Ax=24+0.5andy + Ay = 3+ 0.7,then
(a) Find Az
(b) Find differential dz
and also show that if g(x, y) be the function of the tangent
plane on the surface f(x,y) then
glx+Ax,y +Ay) —g(x,y) =dz
Solution:
fy)=9-9—(x—1)? - (y — 2)
f,y)=9—J-x2—y2+2x+4y+4 - (1)
Forx =2andy =3
f(23)=9-/-(22-(3)2+2(2) +4(3) +
f(23)=9-+7
By equation (1)
flx+ Ax,y + Ay)
=9 —/-(x +Ax)2 — (y + Ay)2 + 2(x +

£(2.53.7) =9 —/—(2.5)2 — (3.
£(2.5,3.7) =9 —V/3.86

(a) Az:

£ ) Y~

xX,y) =

g J—x2—y2+2x +4y +4
whenx = 2andy = 3.

£:(2,3) = 1/V7 and £,(2,3) = 1/V7
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Differential df:
df = Ax. f,(2,3) + Ay.£,(2,3)
= (0.5).1/V7 + (0.7)1/37
= (6/5)V7 = 0.45
(ii) Let g be the function of tangent plane on the
surfacef (x, y) at the point (2,3)
g(x,y) =(x- xo)f;c(xo' yo) + (y - yo)fy(xo' yo)

+1 (%0, ¥o)
g(x,y) = (x — 2)£(2,3) + (v = 3)£,(2,3) + f(2,3)

=@x-2(AN7)+ & -3DANT)+9 -7
=1/V7(x +y + 97 — 12)
whenx =2andy =3
g(23) =1/N7Q2 + 3+ N7 - 12)
W77
V7
glx+Ax,y + Ay) = 1/\/7{(x + Ax) + (v + Ay) + 97
g(2.53.7) =1/N7{25+ 3.7+ W7 — 1
_9W7-58

V7

Differential dz:
glx+Ax,y+A
= g(2.5,3.7) (2,
9V7 - 5.8 —
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Exercise C-7

For the following function f
(@) Find Af
(b) Find differential df
and also show that if g(x, y) be the function of the tangent
plane on the surface f(x,y) then

glx+Ax,y +Ay) —g(x,y) =dz
(1) f(x,y) = 3x* + y?

x+Ax=3+005 , y+Ay=5+0.1

) fx,y) =
NEEaemey
x+Ax=2-001, y+Ay=4+0.05
(3) flx,y) =x* =y +3xy
x+Ax=2-05y+Ay=3-0.01
(4) flx,y) =x*+2y?
x+Ax=8+02, y+Ay=7-0.1
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