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PARTIAL DERIVATIVES

Partial derivatives of a function of several variables are
ordinary derivatives with respect to a variable, holding all other
variables constant.

If f(xq,x5,++,xy) is a function of n variables then the AYUTEOR

partial derivative of f with respect to x; caf be defined as M. MAQSOOD ALI
af _ . f(x1+Ax11x21'“!xn) _f(xlleI'“rxn)
FP ASSISTANT PROFESSOR OF

axl Ax1—0 Ax1

Similarly we can define 2L, 2L ... 2L MATHEMATICS
0x, O0x3 Oxp,

If f(x,y,z) is a function of three variables. We can obtain a
function of one variable by assigning fixed values to the other two
variables. If y and z are regarded as fixed the derivative of f with
respect to x is called partial derivative of f w.r.t x. This partial
derivative is denoted by df /dx or f,.(x,y) similar notations are
used for the partial derivatives with respect to y and z.

If y and z are fixed values and x is a variable then the
derivative of f can be defined as

of . fGx+Axyz)—-f(xy2)

f(y,2) = vl Alalcr—I;lO o

If x and z are fixed values and y is a variable then the
derivative of f w.r.t. yis

Ly, [+ Ay, 2) - fy,2)

fy(er;Z) - @ - A:)IITO Ay
If x and y are fixed values and z is a variable then the
derivative of f w.r.t .z is

f2(x,y,2) =%= lim fx,y,z +Az) — f

Az—0
GEOMETRIC SIGNIFICANCE OF PARTIAL DERI

1- Three Dimensional Coordinate System:

Consider a three dimensionalcoordinate sys FREE DOWNLOAD
in figure.
The graph of the functi i a&urface ina BY

three dimensional coordinates s
3- Planesy =bandx = a: M. MAQSOOD ALI
Consider a point (a, b) on the xy-plans.The plany = b s FROM WEBSITE
parallel to xz —plane and the plane x = a is parallel to yz-plane www.mathbunch.com
as shown in the figures.
4- Curves f(x,b) and f(a,y) on the surface:
The intersection of the surface f(x,y) and the planey = b
forms a curve f(x, b).
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Similarly the intersection of the surface f(x, y) and the plane
x = a forms a curve f(a,y) as shown in the figure.
5- Partial Derivatives f, (a, b) and f,(a, b):

Partial derivative f, (a, b) is the slope of the tangent line to the
curve f(x,b) at the point (a,b, f(a,b). So that f, (a,b) is the
slope of the line parallel to xz-plane and tangent to the surface
z = f(x,y) at the point (a, b, f (a, b)), as shown in the

figure C-17.
Example-1:
Find the derivative of the following function by first
principle
flo,y) = x%y + 2y?
Solution:

flx+Ax,y) — f(x,y)
Ax

d .
ﬁf G y) = Al}l(r_rgo

. (x + Ax)%y + 2y? — (x%y + 2y?)
T Ax—>0 Ax

x%y + 2xyAx + (Ax)?y + 2y?% —
m

Ax—0 Ax

x% 4+ 4y + Ay)Ay
Ay—0 Ay

= lim (x2 + 4y + Ay)
Ay—0
=x2+4y

259



www.mathbunch.com M. MAQSOOD ALI

CHAIN RULE

(@) fF = f(u,v) and u and v are functions of two variables
u =u(x,y) and v = v(x,y) then
OF O0F Odu OF ov

ox Ou dx  0v ox

6F_6F 6u+6F v

dy ou'dy 0v dy
(b) IfF = f(u,v,w) and u,v and w are functions of three
variables u = u(x,y,z) and v = v(x,y, z) and

w = w(x,y,z), then
(?F_GF u OF ov OF ow

9x  Qu'dx v dx  ow dx

aF_aF au+aF 6v+aF ow
dy ou'dy 0dv dy ow dy

oF B OF ou OF ov OF
dz ou'dz Ov 0z

Example:

IfF=f(uv)=2u®+3vandu

and v = v(x,y) = x%y then find >

Solution:
aF—62—65 1
ou u” = 6(
au_m au_m
ax ’ dy
ov
, oo=x?
@ oy

JoF 6u+6F Jv
ou dx 0v Ox
= 6(5x2 + 10y)2.10x + 3(2xy)
= 60x(5x2 + 10y)? + 6xy
OF OF 6u+6F Jv
dy odu'dy 0v dy
= 6(5x2 + 10y)2.10 + 3(x?)
= 60(5x? + 10y)? + 3x?
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Exercise C-3:
Find the partial derivatives of the following functions by
first principle.
W) Z=flry)=2+xy (2 flxy)=3
(3) f(x,y) =ysinx
(4) Find the partial derivatives for the following function at

(0,0,0)
xXyz

fl,y,2) =
Jx? +y?% +z2
Such that (x,y,z) # (0,0,0) and £(0,0,0) =0
(5) IfF =f(x,y) =ysinx + e — x?y?,

then find
dF 0F 0°%F 02%F 0°F 0°F
ox’' 0y’ dxdy’ 0ydx 0x2’ dy?
(6) IfF = f(x,y) = y3tanx + tan™?! (%) +3
then find
OF OF 0?F 0°F 0°F 02
dx ' 9y’ 0xdy’ dydx 0x?’ 0
(7) fF = f(x,y) = 3x%y + x?yz in

OF OF OF 0%F 0°%F 0°%F
ox’' 0y’ 0z,0xdy’ 0x0z’
(8) If f(x,y) = 6xz*

(9) fF = f(u,v
u =
then find

oF oF
and

X a3 9yl 3
) = uv — vw + uw where

oF

and [—
0z (1,1,2)
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u+v
1) fF=fuv,w)=
u=lnx+y+z , v=xz+y , w=y%+6yz
then find
JF OF d JF ¢ (12 -1
6x'6yan oz ° (1,2,-1)
(12) If f is a function of polar coordinates r and 8 where
x=rcosBand = rsinb,
then show that
6F2+1 oF1> 6F2+ oF7®
or r2lagl — lox dy

, where

ASSISTANT
PROFESSOR OF :
MATHEMATICS .mathbunch.com
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TANGENT PALNE

FUNCTION OF THE TANGENT PLANE :

The graph of the function f(x, y) is a surface in a three
dimensional coordinate system.

g(x,y) is the function of the tangent plane at the point
(X0, Yo, Z5) On the surface f(x,y).
g, y) = (x —x,) fx (X0, Y0) + 7 — ¥o) fy (X0, Yo) + f (X6, 0)

EQUATION OF THE TANGENT PLANE :
(i) z = f(x,y)isan equation of the surface , the equation of the
tangent plane at the point (x,, y,, Z,) is given below.

(x - xo) fx (xD'yD) + (y - yo) fy (xO'yD) - (Z - Zo) =0
(i) F(x,y,z) = 0is the implicit equation of the surface, the
equation of the tangent plane at the point (x,, y,,2,) on t
surface is
(x - xo)fx(xoryo' Zo) + (y - yo)fy(xorYOrZ
+(z = 20) 12 (X0) Yo, 2o )
Example 1:
If f is the function of a surface such that f )
then find the function of the tangent plane at(0,0,0).
Solution:

floy) = x* +y? > (1)

fx(0,0) = 0and £,(0,0) = 0
g(x,y) is the function of the t
g(x;Y) = (x - 0) (010

glx,y) =0
Example 2 :
z = 12 —3x
equation e tangent pla
Solution:

(Fy) =12-3x2 (1)

fy(1,6) =0

tangent plane.

(X0, Y0) + vy — YO)fy(xo; Vo) —(z—2,) =0
x-1D(-=6)+0-(z-9 =0

6x +z—-15=0 - (2)

Equation (2) is the equation of the tangent plane at (1,6,9).

263



www.mathbunch.com M. MAQSOOD ALI

Example 3:
x% + xz? — yz = 0 is the equation of the surface , find the
equation of the tangent plane at ( 1,2,1).
Solution:
flx,y,2) =x?>+xz>—yz=0
fe(,y,2)=2x+2z%> = f:(1,2,1) =3
foy,z) =—z = f(1,2,1) = -1
f(x,y,z2)=2xz—y = f-(1,21) =0
The equation of the tangent plane
x-DBR+-2)(-1D)+(z-1)(0)=0
3x-y-1=20

EXERCISE C-4

Find the function of the tangent plane for the following
indicated point.
(1) f(x,y) =3xy + x? (3,1,19)
) fy)=x*+y*+xy  (1,1,3)
B) fy)=x*+xy*+y* (1,1,3)

Find the equation of the tangent plane for the follc e
indicated point.

(4) z= x?+y?
(5) z =5x3+3y
(6) z= xy

Find the equation of the t e following
indicated point.
(7) xy + x?z+ 3xyz?
(8) x?2+xy?+x 2
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