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CO NTI N U ITY 8 Surface f (x,y)

Def-1: A function f(x,y) is continuous at (a, b) if the
following conditions are satisfied:
(i) f(x,y) must be defined at (x,y) = (a,b) € Df

i Lim .
(i) eyyoapy J () must exist

Lim _

(“') (x,y)—(ab) f(x: y) - f(a' b)
Def-2: A function f(x,y) is continuous at(a, b) € Dy if fora
given € > 0, there existsa 6 > 0, such that

N\
-

lf(x,y) —fla,b)| <e 2
when lx —al <&, ly—bl <6
Figure C-15 "
where |x-al<s, |y-b|<s
Example 1:
Discuss the continuity for the following function Figure C-15
. x3+2y2+3  for (x,y) # (0,0)
() fCey) = { 0 for (x,y) = (0,0)
at (0,0).
Solution:
® f(0,0)=0
Lim Lim
(11) x—0 f(x'y) = x>0 (x3 + 2y2 + 3)
y—0 y—0
=3
Lim
(iii) 0 f(oy) # £(0,0)

y—0
Hence f is discontinuous at (0,0).

Example 2: ®
Discuss the continuity for t ing function
x2 =3y for (x,y) # (3,2)
fl,y) = _
3 for (x,y) =(3,2)
at (3,2).
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Solution:

(i) f(32)=3

(ii)

Lim _ Lim -
) > 32) TEN= )o@y &)
=9-6=3

(iii) Lim

(x’y) N (3,2) f(X,y) = f(312)

f is continuous at(3,2).

Example 3:

Discuss the continuity for the following functi

2 2
Fey) = s
(x,y) #(0,0) , f(0,0) =0 at
Solution:
Q)
(i)
Lim

Li m ey = Lim Lim x%+y?
y -0 x—>0fx'y C y->0 x—>0x2—y2
Lim y?
= _=_1
y = 0-y?
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Lim  Lim y) Lim Lim (x.7)
x—0 y—>0fx'y y—>0x—>0fx'y

Lim
(x,¥)-(0,0)
Hence f is discontinuous at(0,0).
Another Method:

f(x,y) does not exit.

x? + y?
fey) = T
Suppose that for £>0
x =¢ecos@ , y= esinf
x% +y?
If(xIY) _f(O'O)I = X2 _yz -
x% + y?
2 = 2
_ |e*cos?6 + &?sin?6
" |e2cos260 — 2sin26
~ |e2(cos20 — sin26)
1
= €
cos26
Hence f(x, y) is discontinuous at (0,0
Example 2:
Discuss the continuity for th u n
f(x' }’) = V) — 0
Solution:
Suppose that

x = gcosf and y

If (x,¥) = £(0,0)

o Wy

ecosH. esineld

Ve2cos20 + e2sin26
e2cosOsind
£2v/c0s?6 + sin?6

|ecosBsinb|

= &.|cos0|.|sinB| <&
because |cosf| < 1and [sinf]| < 1
Hence f(x,y) is continuous at (0,0).
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Example 3:
Discuss the continuity of the following functions at (0,0).
4,4
- _*Y
f(fo) - (x4. +y2)3
xy) #(0,0); f(0,00=0
Solution:
ez
lim Jim £ (o) = lim i 7y
= };IE(I)F =0
4,4
iy 1) = iy iy s
=lim—=0
y=0Xx
Lety = g;(x) = mx
m*x8
im f(u () = lim o s
m*x?
=lim——==0

x—0 (x2m2)3
Let y = g,(x) = x?

lim £ (x, g,(x)) = lim

Since lim f(x, 91 (x))
x—0

Hence f is disconti

Example 4:

Discuss the continuity ing function at (2,3).

(x,
Sol

f@3)=0

f(x,y) =1 =lim lim f(x,y)
y-3

x—2
Lety—3=m(x—2) or y=m(x—2)+3
(x — 2)2 + m?(x — 2)?

fin /(e 009) = I = —ma = 2P
_ 1+m?
S (1-m)?
It depends on m.
Hence f is discontinuous at (2,3).
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Example 5:
Discuss the continuity of the following function
floy)=IxI+]yl at (a,b).
Solution:
If e, y) — f(a,b)l = (x| + [y]) — (lal + [bD)]
= (Ixl = lal) + (lyl = Ib])
< (x| = TaDl + [Clyl = bDI
<|x—al+|y—bl
If|lx —al <& =¢/2 and |y —b| < 8§ =¢/2,then
£ ¢
fGoy) = f@b)l <5+3
lf (e, y) = fa,b)| <e
Hence f (x,y) is continuous at (a, b)
Theorem C-2:

If two functions f(x,y) and g(x, y) are both continuous at
(a, b), so are the sum and product functions

fl,y)+ g(x,y) and f(x,y)g(x,y) and so also is the g
function f(x,y) / g(x,y) provided that g (a,b) # 0.

Proof:
Since f(x,y) and g(x,y) are both continuous a
lim x,v) = f(a
o F@y) = f(
and
lim X,
(x.y)*(a.b)g( Y)

(i) Let B[f(x,y)9xy)] = f(x
Ame B[f (x, ), g(x, ¥)] = lim
y-b

lim g(x,y)
y—-b
+ g(ab)
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EXERCISE C-2
Show that the following functions are discontinuous at (0,0),
(x,y) # (0,0)and f(0,0)=0

x3+y8
D fxy) = —y8

x? + xy
2) fxy) = v +y72

x? + xy
Q) f,y) =

ZET
@ fxy) = 96

Discuss the continuity of the following functions at the indicated
points.
_(x+y for (x,y) #(1,2)
G) fxy) = { x for  (x,v)= (1,2)
at (1,2).

B x3 + yz for
6) f(x,y) —{ 5 for (x,y)
at (2,2).
—-2)—(y—1DJ?
) Flay) = [(x )—(y—1)]

x-22+@-D*

Show that the following functi
indicated points.

-1
® f@n = op

are @

) flx,y) = at (4,5)
such )
(10) Sho (x,y) = sinx + cosy is continuous at (a, b).

,y‘ cosx — siny is continuous at (a, b).

where f(0
(12)
xy
13 ,Y) =
(13) f(xy) iyt

(14) f(x,y) = x> +xy+y?
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