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LIMITS

(i) Let f(x,y) be afunction of two variables in a domain

D c R?and let (a, b) be any limit point of D. We say that “I”
is the limit of f (x,y) as x approaches “a” and y approaches
“b” or (x,y) approaches (a, b).

It can be written as

’ly“lf?,‘ foy)=1 or  lm ~f(ry) =1

(ii)  For any positive number € >0, there existsa 6 > 0
such that

lfCx,y) =1l <e
whenever

1, y) = (@bl <&
or
|x —al| <6 and |y —b| <

SIMULTANEOUS LIMIT:

lim f(x,y
y-b
is called simultaneous li

n
) = lim{lim f(x, y)}

y—-b x—a

are notn
Although they must be equal if
lim X,
(x.y)-(ab) 1ey)

is to exist.
But the equality of repeated limits does not guarantee
the existence of simultaneous limit.
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Theorem C-1:
If

f,y)

(x, y)—>(a b)
exist then
lim 11m f(x,y) and 11m 11m f (x,y)

x—a y—-b
must be equal
But
lim lim f(x,y) = 11m 11m f(x,y)

x—-ay-b
does not guarantee the eX|stence of

f(x)

(x, y)—>(a b)
NON-EXISTENCE OF LIMIT:
(i) Repeated limit test:
Simultaneous limit

f,y)

(x, y)—>(a b)
does not exist if the repeated limits
lim lim f(x,y) and lim lim f(x, y) are not equal
x—-ay-b y-b x—-a

that is

lim lim f(x,y) # lim lim f(x,y) @: A
x—ay-b y—bx-a & /_‘,Surfaceﬁ’x,y)
(ii) Two path Test: %@- 2

Suppose that g, (x) and g,(x) are two functio
lim g,;(x) = b and lir% g2(x) =
xX—a xX—>

f (x,y) is a function of two variables. T
limit

f(xy)

(x, y)—>(a b)

\J

does not exist , if
lim £ (x, g, (
x—-a
Two-path test is shown in

curve g; (x) citrve g )

lim f(x,g; (x)) :,E hmf(x,92 (=)

Note:y = g(x)orx = e

passes through the point (a,b) wheny = g(a) = b or

x = g(b) = arespectively. Figure C-7
y = g(x) is a straight line or curve nearly passes

through the point (a, b) or approaches to (a, b) when

lim g(x) = b.
x—-a
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Similarly x = g(y) approaches to (a, b) when
lim g(y) = a
X—
Path: Any curve or straight line (i.,e. ¥y = g(x)orx = g(y)}

nearly passes through the point (a, b) or approaches to
(a, b) is a path.

Example 1:
Discuss the limit of the following function at (0,0)
x —y?
fy) =———
Jx? +yt
Solution:
lim lim £ Cx, ) = lim lim =2 = Jim == = 1
Jim lim £ Cx, y) = xll%y‘%m R Wi
o Cox=yr =P
S T F O
lim lim f(x,y) # lim lim f(x, y).
x—-0y—-0 y—0x—-0
So lim x,7y) does not exist.
(x.;v)—>(0.0)f( y)
Example 2 :

Whether simultaneous limit exis
following function at (0,0).

Solution:

lim lim f (x,
xAOyaOf(

Now we consid
straight line passes
or

IR N e

it depends on m, so the limits are not same for different
values of m.
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so lim f(x,y) does not exist.

(x,¥)-(0,0) 2 ,
. el A piece of Surface f (x,y)

Explanation: ‘é T

. L - 5 =
lemlt of f does not exist if the remaining value depends on E ? W

. E =

Since g(x) = mx 5
We can consider two functions g, and g, taking two A3 -

different values of m.

fm=1 = g1(x)=x

Ifm=100 = g,(x)= 100x
1+1

li f (x,9:(0) = gz = V2 = 14
1+ 100

lim f(x, x)) = —=0.01
e Y e T

}Cii%f(xl,gl(x)) * 9161_138 f(x, g2(x)) g P AN curveg, (x) -
Hence (x,yl)iLI%O,O) f(x,y) does not exist, % QI curve gy (x)
as shown in E = lim f(x,g; (x)) £ lim f(x,g5 (x))
figure C-8. 3 =0 X—0

Example 3: (d

Discuss the limit of the following function f at (3,5)

(x _ 3)2(}7 _ 5)2 Figure C-8
fxy) =——%% —3
(x=3)0°+y-5)
Solution:
. . (x —3)?(y—5)

eSS V) = (0, =30 + e 5)

Suppose that

y—5=m(x—3)?
gix) =y=m(x—3)*+
}Ciir;g(x)—S

So that,

“1+md
It depends on m, so limit of f does not exist at (3,5).
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Explanation:
Suppose that g, and g, are the two functions for _
m = 1andm = —9/10 respectivel A Abpieceof the
P v Surface f (x,y)

g1(x) = (x = 3)*+5

02(8) = = (x = 3 4 5
}Cilg f(x,g1(x)) =05
}Ci_rg f(x,g2(x)) =2.99

lim £(x, g1 (%) # lim £ (x, g, (x))
Hence limit of the function does not exist at (3,5).

Figure c-9
Example 4: 5 () 2
Discuss lim  f(x,y) for the following functions. TR
(x,)~(0,0) (35) %2
0 Yy t2xy—x° 82¢
1 f(x' y) - y3 + x3
(11) f(x, y) = x3 4 xyz Figure C-9

3+ 2xy —x3

Solution: (i) v
- Y
L i £ e =l i ™=
—x3
= llm—3 =-1
#20 X 3 3
o o YTt 2xy—x
S G = e T
3
= limy— =1

y-0 y3

Since  limlim f(x,y) # lim lim f(x, y)
x—0y—0 y—0 x>0

Hence lim x,y) does not
(x.y)—>(0.0)f( Y)

(i) flxy) = x° +xy?

lim f(x,y) =

lim 3+xy2)=0
(x,y)-(0,0) (x,¥)—(0,0)
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Difference between Two-path Test and Repeated
Limit:

Repeated limit is a particular case of two-path test
because for repeated limit we discuss the limit of f(x, y)
along only two different paths y = b and x = a when
y = b is a straight line parallel to x-axis and x = a is
another straight line parallel to y-axis , as shown in

figure C-10.
{Note:x = ameanx = atorx =a~}
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Existence of limit:
(i) Letz = f(x,y),where f is a function of two variables.
The limit of f at the point (a, b)exists if the limit is same
along every approach path as shown in the

figure C-11.

z surface f(x ,y)

gi(x) and g;(x) are any two paths through the deleted
neighborhood of (a, b).
The limit of f exist when

M £, gi0) = M f (x,.9,()

xX—-a X—a
i #]j , 1=123,..,n
j=123,..,n
X
Y1) ga2(¥)
Figure C-11
i surface f(x,y)
(ii) The limit of f exist, when
IfCey) =l <e
such that fey)
|x —al<é , |y —b| i :
: | foey)-1)<e
Figure C-12 '
9
>y
/”_?|+’(XJ y)
‘\__(_aib)’/’
X

where | x-a|<6§, |y-b|<s

Figure C-12
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Difference between the limit of one variable

function and two variables function:

Let y = f(x), where f is a function of one variable x. To
discuss the limit of f at x = a, we find the limit for two
values a~ and a*lies in an open interval about a.The limits z suface fix. .4}
are called left hand limit and right hand limit respectively.

The Lim f(x) exist if

X —>a li li
im _lim
L feo= T fG

Let z = f(x,y), where f is a function of two variables.

To discuss the limit of f at (a, b), there are a lot of points lie
in the open disk about (a, b) these points lie on the different
curves or straight lines passes through the open disk as
shown in the figure C-14. The limit exists only when all the
limits are equal.

Figure C-14
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EXERCISE C-1
Find the limit of the following functions at
the indicated point:

x3_y3

D fey)=—— " at (1,1)
@ [ =725 at  (03)
2 _ 2 2
@) f@y) =" x_xi], (;r Y a2
@) feoy) =12 at (32

Show that the simultaneous limit does
exist at (0,0) for the following function

O ORI
D) feN =y ® f@)

Discuss the limit of the fc
at the indicated poi
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Discuss the limit of the following functions

along the given path at the indicated point.

<2 — yz
(14) f(x,y) = Z1y? at (0,0)
along the paths

(i) y=x

(ii) X =my

(iii) y =3x

(iv) x =5y

3
(15) f(y) = —2 at (0,0)

x® + y?
along the paths

16 ,Y) =
(16) fGoy) = e b (

along the paths
() y—3=(x—2)?
(i) y—3=m(x—2)?

(i) x —2=m(y—3)'\? \

]
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(i) y=2x°

(i) x=3y1\3

(i) y=3x3

(iv) x=my"3
(x—=2)*+(@y—3)
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